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Chapter 15

FIRST ORDER
ORDINARY DIFFERENTIAL EQUATIONS

15.1. Introduction
First order ordinary differential equations are of the form

= P, (1)

where F(x,y) is a given function. Although this equation looks simple, solutions can usually only be
found easily when the function F(z,y) has particularly simple forms.

15.2. Separable Variable Type

This is an ordinary differential equation of the type (1), where F'(z,y) is of the form f(z)g(y). Then

)]

We can therefore separate the variables and obtain

/gc(lz)z/f(x)dx.

This gives an expression of ¢ in terms of x.
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ExaMpPLE 15.2.1. Suppose that

di_x—l
der  y+1°

Then

1 1
/(y+1)dy=/(m—1)dx, so that §y2+y:§x2—x+6’.

Suppose further that we have the initial condition y = 1 when z = 0. Then

1, n 1, n 3
- =—x"—x+ -.
2¥ YTy 2
EXAMPLE 15.2.2. Suppose that
dy 1
dr — y(z2-1)’
Then
dz 9 z—1
/ydy:/m, so that Yy :10g M’—FC
Suppose further that we have the initial condition y = 1 when x = 0. Then
2 T —
=log|——|+1
Y 8 ’ z+1 ’ +

15.3. The Homogeneous Equation
This is an ordinary differential equation of the type (1), where F(z,y) is of the form f(z,y)/g(z,y),

where f(z,y) and g(z,y) are homogeneous functions of x and y of some degree k, say; in other words,
flaz,ay) = a* f(x,y) and g(ax,ay) = a¥g(x,y) for every a € R. Then clearly

dy  fwy) DLy Sy oy
T~ )~ el s~ (5): ®

for some function ¢. Using the substitution

y = vz, 3)

this equation can be reduced to an equation of separable variable type. Indeed, differentiating (3), we
have

dy dv
dy _ dv 4
dz ¢ * Yz )
Combining (2)—(4), we have
dv
v+ T d(v),
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so that on separating the variables, we have

We can therefore express v (and hence y) in terms of x.

ExXAMPLE 15.3.1. Suppose that

dy z? +y?
de 22y
Then
dy _ 1+ (y/2)°
de ~ 2y/a)
Using the substitution (3), we obtain
v x@ _ L+
dez 20’

so that on separating the variables, we have

/2vdv_ dj
1—02 x

Integrating, we obtain —log(1 — v?) = logz + A4, so that

2

=e .

x2 —y? T 102
This gives 22 — 32 = Cx for some constant C.

ExaMpPLE 15.3.2. Suppose that

d
3xy2—y =23+ 43
dz
Then
dy 1+ (y/a)®
dz ~ B(y/ep
Using the substitution (3), we obtain
n dv 14903
v+ T— = ——
dx 3v2

so that on separating the variables, we have

/3v2dv E
1—203 T

Integrating, we obtain —log(1 — 2v3) = 2logx + A, so that

3
x 1 A 9

x3—2y3:1—2v3

This gives 23 — 2y3 = Cz for some constant C.
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Some non-homogeneous equations can be transformed into homogeneous form by a simple change of
variables. Consider the following simple example.

ExXAMPLE 15.3.3. Suppose that

dy 2x+y+3
de  z+2y+9’

Then writing x = X +x¢ and y = Y + g, where X and Y are new variables and xy and gy are constants,
we obtain

AV  dy 22X +Y + 220 +yo +3

— = = . 5
dX dz X+2Y+20+2y+9 5)

If we choose 2o = 1 and yo = —5, then the equation (5) reduces to
vy 2X+Y
dx X +27’

which is now a homogeneous equation. Using the substitution ¥ = v.X, we can show that this equation
has solution (X — Y)3(X +Y) = C for some constant C, so that (x —y —6)%(z +y +4) = C.

Indeed, if

dy az+by+c (6)
dr frx+gy+h’

then substituting
=X+ xg and y=Y +yo, (7)
where X and Y are new variables and xg and yy are constants, we obtain

dl_di_aX+bY+axo+byo+c (8)
dX dx  fX +gY + fro+gyo +h’

which is homogeneous provided that
axrg+byg+c=0 and fro+gyo+h=0. (9)
We therefore choose z¢ and yq so that (9) is satisfied. Then (8) becomes

dY  aX +bY

dX ~ fX +gY’

and this can be solved by the substitution v = Y/X. We then obtain Y in terms of X, so that in view
of (7), we obtain y in terms of x.

Note that the technique above depends on the existence of constants xg and yo which satisfy (9). We
can rephrase the problem as follows: Consider two lines on the plane given by the equations

ar+by+c=0 and frx+gy+h=0.

As long as these two lines are not parallel, then they intersect at precisely one point. This point is given
by (z0,%0)-

However, these two lines may be different and parallel, so that there will be no such intersection points.

In this case, the technique above breaks down. In this case, we use a different technique illustrated by
our next example.
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ExaMpLE 15.3.4. Suppose that

dy _z+y+3
de  x+y+4
Write w = x +y. Then
du dy du u+ 3
— =1+ that — =14+ —"
dz +dx’ S0 Hha dz +u+4

Integrating, we obtain 2u 4 7 = €2(22=4+C)_ Hence 2z + 2y + 7 = e2(@—v+0),

Indeed, if

dy _aztbyte e ag—bf
de  fr+gy+h’ 9=

then we can write fx + gy + h = k(azx + by) + h for some real number k. Now write u = ax + by. Then

du dy du
a—a—i—b&, so that a—a—i—b

u—+c
ku+h'

The equation is now reduced to one of separable variable type.

15.4. The Linear Equation

This is an ordinary differential equation of the type (1), where F(z,y) is of the form Q(x) — P(x)y,
where P(z) and Q(z) are two given functions. We therefore consider equations of the form

Yt Playy = Q) (10)

Note that this ordinary differential equation is linear, and is called the general linear first order ordinary
differential equation.

Equation (10) may be solved with the help of an integrating factor p(xz). Multiplying (10) by such an
integrating factor, we obtain

dy

pla) g+ u(@)Pa)y = p@)Q(). (11)

d
The integrating factor p(x) is chosen in order to make the left hand side of (11) equal to a(u(m)y)

We must therefore have

)+ @) Plaly = () = n) 3 + (o)) o (12)

and this can be achieved if we take p(z) to satisfy

Integrating (13), we have

W [ p(a) da,
"

Chapter 15 : First Order Ordinary Differential Equations page 5 of 9




First Year Calculus © W W L Chen, 1987, 2008

so that the choice
n(z) = e PO (14)

will be suitable. The equation (11) then becomes

d

a(u(x)y) = u(z)Q(x),

giving the solution

u(o)y = [ @)tz da. (15)

This gives y in terms of . Note also that since P(z) is given, an integrating factor u(z) is easily
determined by (14).

EXAMPLE 15.4.1. Suppose that

d 3
—y—&—fy:xQ.
dx =z

Here P(z) = 3/x and Q(z) = 2. Also [ P(z)dz = 3logx, so it follows from (14) that an integrating
factor is

It follows from (15) that the solution is given by

26
xgy:/x3x2dx:/x5dz:E+C

for some constant C. Hence

B x3 C
ExaMPLE 15.4.2. Suppose that
2 dy
(x*+3z2+2)—= +ay=z(z+1).
dx
Then
dy n x o z(z+1)
dx x2+3x+2y7 22 4+3x+2
Here
x z(x+1) x
Plz)= — — d — — _
() 22 +3x + 2 an @) 2 4+3x+2 x+2
Also

B x B 2 1 B ( + 2)2
/P(x)dx—/x2+3x+2dx—/<x+2—x+1>dx—log(x+1 ),
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so it follows from (14) that an integrating factor is

(x+2)2.

plr) ==

It follows from (15) that the solution is given by

(42?2  [(x+2)? = [ z(x+2)
x+1 y_/(x—i—l) (x+2)dx_/ x+1 dz

1 z?
= +1-— =—+4+z-1 +1)+
/(cr: 1>dx 5 T og(x+1)+C

for some constant C. Hence

T

(x+1)
(z+2)2

15.5. Application to a Problem in Physics

In this section, we study a differential equation first discussed in Section 14.3. For this example in
mechanics, it is convenient to use ¢ to denote the independent variable representing time, and to use x
as the dependent variable representing displacement.

ExaMpLE 15.5.1. In Examples 14.3.1 and 14.3.2, we consider a body falling near the surface of the earth
subject to a constant force F' = —mg, where m denotes the mass of the body and g denotes gravity, and
a frictional force proportional to the speed of the body. Recall that the equation of motion is given by

Er  do 0
m—s — +mg =0,
a2 " ar "M
where b > 0 is a fixed proportionality constant. This equation can be treated as a first order differential
equation in the variable v = dz/dt, and written in the form

%—l—bv—&—m =0 or @—i—ﬁv——
dt g=" a " m' T

m
This is therefore a standard first order linear equation or the form

dv

G+ POy =Q0).

where P(t) = b/m and Q(t) = —g. Note that

so that the integrating factor is u(t) = e®*/™, and the equation can be rewritten in the form
d
a(ebt/mv) _ 7gebt/m7
so that
Pty = fg/ebt/m dt=C — %ebt/m, and so v=Ce /M _ %
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Here C is an absolute constant. It follows that

dz _ g-bt/m _ M9

dt b’

so that

T = / (Ce_bt/m - %) dt = Crett/m — %t + Cs,

where C; and C5 are absolute constants, to be determined by initial conditions.
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PROBLEMS FOR CHAPTER 15

1. Find the general solution of the differential equation

d
225Y +ay—y> =0
dzx
by using the substitution y = ux.

2. For each of the following differential equations, find its general solution:

d d
2) (1+x2)£+4w:0 b) (I2+1)£+xy:x
dy 2x+4+2y—2 dy 22+1
©) = 3. E d) zy— =
dx 3r+y—>5 de  ¢y2 -1
d d
e) é*ycotx:sinx f) ($+1)£*3y:(x+1)5
) du_ Brtytl b QP eyt
& d$76m+2y+9 dr 72
i) dy vy, v i) dy _z+y-1
dv w27 dzr z+y+1
) W oy — 90 ) o
=J o dy
d d
m) (1+x2)£:y2 n) x2£:z2—xy+y2
d d
o) £+%:Sinx p) ﬁertanx:xsinQa:
d d
q) I’£+2y:ex I') %Ze:mky

3. Solve each of the following differential equation with the given initial condition:

. d
a) d£+2ytanx:sinx, with y(m/3) =0 b) ﬂfdiy:ery’ with y(1) =1
: T
N = z, with y(0) = 2 V4o = gy V0 =1
¢) (1 —a%) 3~ +ay =2, with y(0) ) @ RS /0
d
e) ﬁ‘f'ycotx:ZCSCJ% with y(7/2) =1

4. A particle of mass m is stationary at time ¢ = 0 and subject to a force F(t) = Fy sin? wt.
a) Set up a differential equation to describe the motion.
b) Let v = da/dt, where x(t) denotes the displacement of the particle. By rewriting your equation
in part (a) in terms of v if necessary, find an expression for v(¢).
c) Hence, or otherwise, find an expression for z(t).

5. A particle of mass m and with initial velocity vy is slowed by a frictional force F' = —be®”, where v
denotes its velocity.
a) Set up a differential equation to describe the motion.
b) Find the time and distance required for the particle to come to a stop.
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