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TestThree

This is a self-diagnostictest. Every pair of questionsrelatesto a worksheetin a seriesavailable
in the MUMS the WORD series.For examplequestion5 relatesto worksheet3.5Simultaneous
Equations. If you score100%on this test and test 4 then we feel you are adequatelyprepared
for your �rst year mathematics course. For those of you who had trouble with a few of
the questions, we recommendworking through the appproriate worksheetsand associated
computer aided learning packagesin this series.

1. (a) If f (x) = x2 + 2, what is f (3x)?

(b) If g(x) = x2, and f (x) = 2x + 1, what is g � f (x)?

2. (a) What is the domain of g(x) in the following graph?

-�

6

?

g(x)

� 4 � 2 42
� � � � �

� �
�

�

(b) At what points on the graph above doesg(x) = 0?

3. (a) If an angle is 60� , how many radians is it?

(b) For the 4 drawn below, what is the angle � ?

.

...................................................................................................................................................................................................................

p
32 �

4. (a) What is sin 7�
4 ? (Without a calculator)

(b) Find the areaof the triangle drawn below.
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5. (a) Given:

y = 2x + 5

y = kx + 4

For what value(s) of k will the systemhave no solutions?

(b) Solve the system:

y = 3u + 6

3y = 5u + 2

6. (a) If 2; 7 are the �rst two terms of an arithmetic progression,what is the 10th term?

(b) What is the sum of the following in�nite geometricseries?

1 +
9
10

+
81
100

+ : : :

7. (a) Find the limit of

lim
n! 5

x2 � 25
x � 5

(b) Is the function

f (x) =
�

x2+6
x x 6= 0

0 x = 0

continuous at x = 0? Why?

8. (a) Find the derivative of f (x) = x3 + 3x2 + 3.

(b) What are the stationary points of the function g(x) = x3 + 3x2?

9. (a) What sort of turning points doesthe function f (x) = 6 � 3x2 have?

(b) When doesthe concavit y changefor the function h(x) = x3 + x2 + 5x + 2?

10. (a) Di�eren tiate y = sin(5x + 3).

(b) Di�eren tiate y = 3ex .
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Worksheet3.1 Functions

Section1 Definitions

What is a function? A function can be thought of as a machine. It acceptsan input, applies
a rule to it and then producesan output. Diagrammatically, we might view the processlike:

input ! rule ! output

Example 1 : Rule f : take the input, and multiply it by 5. If we apply rule f to
the input 4, we get 5 � 4 = 20.

4 ! 5 � 4 ! 20

What is the output when we apply rule f to the input x?

x ! 5 � x ! 5x

As mentioned in other worksheetswe look for shorthand ways of working with things. The
shorthand way of writing \apply rule f to input 4" is to write f (4). We say this as f of 4. So

f (4) = 20 and f (x) = 5x

We say the seconditem as f of x. When we apply rule f to input x our output gives us a
shorthand way of writing the actual rule.

Example 2 : We de�ne rule G: take the input squared,and then add 5. Apply rule
G to the inputs � 1; 1; a + 1 and x.

G(� 1) = (� 1)2 + 5 = 6

G(1) = (1)2 + 5 = 6

G(a + 1) = (a + 1)2 + 5 = a2 + 2a + 6

G(x) = x2 + 1

There are several di�erent ways of representing functions. The most commonways are
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1. As a table of values

2. As a graph

3. As an algebraicexpression

Here are someexamplesof the ways of representing a function.

Example 3 :

input 0 1 2 3 4 5 6
output 5 6 7 8 9 10 11

This is a table of values,and the rule isn't given explicitly in this case.However,
we might be able to guessan appropriate rule. In this caseit appearsto be to take
the input and add 5. With a table of values,the rule will not usually be given, and
it may not be obvious what the rule is. But the table of valuesstill represents a
function. Let's give the rule that converts an input into an output a name,say f .
Then the function that is associated with this table is f (x) = x + 5.

Example 4 :

-�

6

?

y

x

i
�

This graph also represents a function, and from the graph we can learn things
about the function. We will talk more about graphsin the next worksheet.

Example 5 : Consider
f (x) = 5x2 + 2

Here we usethe shorthand notation for the function rule, and the input is always
somevariable which is often x or t. The output is given by what the rule does
to the variable, in this casex. Rule f in this casesays take the input, squareit,
multiply the result by 5, and then add 2. This is the output.
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Exercises:

1. For each part, �nd a function which describesthe table of values

(a)
x 0 1 2 3

f (x) � 4 � 3 � 2 � 1

(b)
x 2 4 5 6

f (x) 5 17 26 37

(c)
x 0 2 4 5

f (x) 1 5 9 11

2. Complete the table of valuesfor the function f (x) = 3 � x2.

x � 3 � 1 2 3 5 7
f (x)

Section2 Substitution

When a function is represented algebraically, wearegiventhe rule asit appliesto somevariable.
This is called functional notation. To computethe rule applied to any input we simply replace
the variable with the input.

Example 1 :

Given: f (x) = x2 then

f (5) = (5)2 = 25

f (� 1) = (� 1)2 = 1

f (a + b) = (a + b)2 = a2 + 2ab+ b2

f (2y) = (2y)2 = 4y2

Example 2 :

Given: g(t) = 5t � 3 then

g(1) = 2

g(0) = � 3

g(10) = 47

g(x2) = 5x2 � 3
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Example 3 :

Given: h(x) =
1
x

then

h(1) =
1
1

= 1

h(3) =
1
3

In example3, h(x) = 1
x . So h(0) doesn't make sensesince we can't divide by zero. When

the function doesn't make sensefor a particular input value, we say that the function is not
de�ned for that input value.

Example 4 :

Given: f (x) = 3x2 + 2x + 2 then

f (1) = 3 � (1)2 + 2 � 1 + 2 = 7

f (0) = 2

f (� 1) = 3

f (3y) = 27y2 + 6y + 2

Exercises:

1. Given f (x) = 2x � x2, �nd

(a) f (3)

(b) f (� 2)

(c) f (x � 1)

2. Given f (x) = 2x2 � x + 3, �nd

(a) f (4)

(b) f (� 3)

(c) f (x + 2)

3. Given f (x) = (x + 2)2 � x + 3, �nd

(a) f (2)

(b) f (� 2)

(c) f (� 4)

(d) f (x + 1)
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Section3 Composition of Functions

This section deals with a thing called composition of functions. As a picture, composition
looks like this:

input 1 ! rule1 ! output1 = input 2 ! rule2 ! output2

It is like having two machines, one after the other. The result from one machine forms the
input to the next machine. We could alsowrite it like this

x ! rule f ! f (x) ! rule g ! g(f (x))

So g(f (x)) is a composite function which may also be written g � f (x). The circle may be
taken to mean`follows'.

Note: It is important to realizethat

g � f (x) 6= f � g(x)

The order in which the functions areapplied is important. It is equally, if not more important,
to realizethat

f � g(x) 6= f (x) � g(x)

Example 1 : Take g(x) = x2 and f (x) = 1 + x. Then

g � f (1) = g(f (1)) = g(2) = 4

g � f (3) = g(f (3)) = g(4) = 16

f � g(1) = f (g(1)) = f (1) = 2

f � g(3) = f (g(3)) = f (9) = 10

g � f (x) = g(f (x)) = g(x + 1) = (x + 1)2

f � g(x) = f (g(x)) = f (x2) = x2 + 1

When dealing with compositions, if you write it all out longhand as in the above examples,
you shouldn't get too confused.It's when you try and do too much in your headthat you get
the computation around the wrong way.
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Exercises:

1. Given f (x) = x + 2 and g(x) = 2x, �nd

(a) f (3)

(b) g(5)

(c) g � f (3)

(d) g � f (� 1)

(e) f � g(3)

(f ) f � g(� 4)

2. Given f (x) = x2 � 1 and g(x) = 3 � x, �nd

(a) g � f (1) (b) g � f (t) (c) g � f (4) (d) f � g(x + 1) (e) f � g(x + 2)

Section4 Functions fr om words

Functions are useful for determining the answer to many problems that occur in real-life
situations. You may be required to take a problem that is given to you in words and come
up with the function describingthe information given. There is no hard and fast method of
dealing with problems,although there are somegeneralhints.

1. Read the information carefully, and translate as much as possible into mathematical
expressions.

2. Try out a few inputs to get a feel for the rule beforewriting it down with a variable.

Example 1 : You have to create a rectangular paddock and you only have 1000
metresof fencing. You can choosethe width of the paddock. Find a function that
takes as input the width of the paddock and gives as an output the area of the
paddock enclosed.

The perimeter of the paddock is 1000m. If the length is l and the width w then
the perimeter p in symbols is p = 2l + 2w. The area A is A = lw, which we will
try to write in terms of w, rather than w and l. From 2l + 2w = 1000,we seethat

2l = 1000� 2w

l =
1
2

(1000� 2w)

= 500� w

Then the area is

A = lw

= (500� w)w

= 500w � w2
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We can createthe following table:

w l A
300 500� 300= 200 300� 200
200 500� 200= 300 200� 300
100 500� 100= 400 100� 400
x 500� x x(500� x)

The required function is
A = f (x) = x(500� x)

whereA is an obvious symbol to represent area.

In later worksheetson di�erentiation we will learn a technique that will allow us
to �nd the optimum width so that fencingof the paddock will yield the maximum
area.

Example 2 : A ferry carriesan averageof 300peoplea day. The fare is $ 1:20. The
UTA research shows that 50 extra peoplewill travel per day for every 10cent fare
reduction. Work out the function that hasthe number of fare reductionsas input,
and as output the total amount of moneycollectedby the UTA each day.

Reductions Fare Number of People Money collected
0 1.20 300 300� 1:20
2 1.00 300+ 2 � 50 (300+ 2 � 50) � 1:00
12 0.00 300+ 12� 50 (300+ 12� 50) � 0:00
x 1:20� 0:10x 300+ x � 50 (300+ x � 50) � (1:20� 0:10x)

So the function in terms of the number of reductions is

(300+ x � 50) � (1:20� 0:10x)

In the worksheeton di�erentiation we will learn how to maximizethe moneytaken
in by the UTA.

Exercises:

1. A truck weighs1500kg and it is to be loadedwith cartons each weighing 5 kg. Work
out the function which has the number of cartons as input and the total weight of the
truck as output.

2. A photocopier service costs $240 plus 2.5 cents for every copy made. Work out the
function which hasthe number of copiesmadeasthe input and the total cost asoutput.
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Exercisesfor Worksheet3.1

1. (a) A mother recordsthe height of her sonover the �rst 8 months, and measurements
shemadeare shown in this table:

Input (age in months) 0 2 4 6 8
Output (height in cm) 50 54 58 62 66

Expressthe output as a function of the input.

(b) Considerthe pattern of triangles shown:

If the input is the number of horizontal rows in the pyramid, and the output is the
number of triangles, describe the relationship betweenthe input and the output.

(c) Evaluate x, given that x = 2a3 � 3
p

a, when a = 2:73.

(d) Evaluate a, given that v =
p

u2 + 2as, when v = 10 m/s, u = 9 m/s, and s = 2 m.

(e) The formula for converting degreesFahrenheit (F ) to Celsius(C) is given by
C = 5

9(F � 32). Evaluate C when F = 100.

(f ) If f (x) = 3x2 + 1, �nd f (� 2).

(g) If g(x) = 3x+2
x2 � 1 , �nd g( 1

2).

(h) If f (x) = x2 � 2x + 3, �nd f (x + h).

(i) If f (x) = 3x2 � 2x + 4, �nd f (x+ h)� f (x)
h .

(j) For f (x) given in the previous question, evaluate f (x+ h)� f (x)
h when x = 2 and h =

0:001.

2. (a) If f (x) = x2 and g(x) = 1
x , �nd

i. f � g(x)
ii. g � f (x).

(b) If f (x) = 3x2 and g(x) = x � 3, �nd

i. f � g(x)
ii. g � f (x).

(c) If f (x) = x2, g(x) = x + 1, and h(x) = 2x, �nd f � g � h(x).

(d) If f (x) = x2, �nd

i. f (2)
ii. f (x + h)
iii. f (2x)
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iv. f (x + 1).

(e) If f (x) = 1
2x+1 , �nd

i. f ( 1
2)

ii. f (3 + x)
iii. f (x2).

3. (a) Here is a rule for a function: take the input, multiply it by 3, then add 4, then
squarethe result.

i. Expressthe output as a function of the input.
ii. Evaluate the output when the input equals-2.

(b) Here is another rule for a function: take the input, subtract 2, take the squareroot
of the result, then add 5.

i. Expressthe output as a function of the input.
ii. Evaluate the output when the input equals2.

(c) There are 27 times as many cars as motorcyclesin Australia. If C represents the
number of cars, and M the number of motorcycles,write an equation describing
the relationship betweenM and C.
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Worksheet3.2 Graphs

Section1 Range & Domain

In the last worksheetwe mentioned that functions can be represented asgraphs. Graphs have
already beenreferred to in worksheet2:10 when we looked at graphing a straight line. The
graph of a function is the collection of all points (x; y) that satisfy a given function. From
looking at graphswe can learn a lot of information about the function it represents. From a
graph, we can make estimatesabout the value of the function at certain inputs; we can see
wheremaximum and minimum valuesof the function are; we can seehow rapidly the function
is increasingor decreasing.

Two important piecesof information we can read o� a graph are the range and domain of
the function. The range of a function is all the values that the function takes. So if y is a
function of x, the range is all the y-valuesthat can be taken. The range may be written in
oneof several ways - typically as an interval, or using inequality signs.

Example 1 :

-�

6

?

x

y

� 2

O �
The arrows on the graph of
f (x) indicate that it keeps
goingupwards. The rangeof
f (x) can be written as

� 2 � y

That is, y can be greater
than or equal to � 2.

In interval notation this is written as [� 2; 1 ).

Note: The square bracket indicates that � 2 is included in the range. The round bracket
indicatesall numbers up to but not including the end part. So

(2; 1 ) is the sameas y > 2

and
[1; 3) is the sameas 1 � y < 3
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Example 2 :

-�

6

?

x

y

�
�

�
�

�
�

�
�

s

c

� 1

1
g(x)

The open circle on a graph meansthe sameasan open circle on a number line: all
numbersup to but not including the point. Thus the rangeof g(x) is � 1 � y < 1,
or in interval notation [� 1; 1).

The domain of a function is all the inputs that make sense.In other words, for a function f (x)
it is all the x-valuesfor which the function is de�ned. The domain of a function is normally
written in the samenotation as the rangei.e. either using inequalitiesor interval notation.

Example 3 :

-�

6

?

x

y

?

-

6

�
f (x) = � 1

x

The domain is x > 0
and x < 0. Or equivalently,
(�1 ; 0) and (0; 1 ). f (x)
doesnot make sensefor x =
0, soit is not included in the
domain.

The rangeof this function is y > 0 and y < 0. Or, equivalently, (�1 ; 0) [ (0; 1 ).

Example 4 :

-�

6

?

x

y

� 3 1 3
� � � � �
q

q q q The domain of this graph is
� 3 � x � 0 and 1 � x � 3,
or in interval notation
[� 3; 0] and [1; 3].
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Exercises:

1. Find the rangeand domain of the following graphs

-

6

x

y

� W

3

(a)

-

6

x

y

�
�

�

c

s2

� 2

(b)

-

6

x

y

�
�

�
�

�
�

�
��

A
A
A
A
A
A
A
AU

8
(c)

Section2 Inter cepts and Reading Graphs

The value of a function when the input is zero (i.e. the y value when x = 0) is called the
y-intercept. This is wherethe function crossesthe y-axis. The input which givesthe function
a value of zero (i.e. the x valuesthat give y = 0) are called the x-intercepts. They are called
the x-intercepts becausethis is where the plot of the function crossesthe x-axis. To �nd the
y-intercept, we simply substitute x = 0 into the function. The output is the y-intercept. To
�nd the x-intercept, we let y = 0 and then solve the equation for x. This may not always be
a simple procedure.The intercepts give us the beginningof a picture of the function and will
help us to represent the function graphically.

Example 1 :

-�

6

?

x

y

�
�

�
�	

�
�

�
��

� 1

1

The y-intercept is +1. The
x-intercept is � 1. i.e. when
x = 0, y = 1 and when y =
0, x = � 1.
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Example 2 :

-�

6

?

x

y

� W

A C

B

f (x)

f (x) has a zero value at A and C; B marks the y-intercept. There are many
possibleformulae for the graph, and onepossibility is a parabola.

Example 3 : Let y = 3x + 6. Then at x = 0, y = 3 � 0+ 6 = 6. Sothe y-intercept
is 6. Now set y = 0 to �nd the x-intercept.

0 = 3x + 6

x = � 2

Sothe x-intercept is � 2. Sincey = 3x + 6 is the equationfor a straight line, we can
now draw the graph. The intercepts of a straight line give us enoughinformation
to draw the graph (unlessboth intercepts are at the origin)

-�

6

?

x

y

�
�

�
��


�
�
�
�
�
��

� 2

6

Example 4 : Let y = x2 + x + � 6. The y-intercept is � 6 sincey = � 6 whenx = 0.
To �nd the x-intercepts, onemust solve the equation

0 = x2 + x � 6

0 = (x + 3)(x � 2)

This implies that we can have either (x + 3) = 0 which givesx = � 3 or (x � 2) = 0
which gives x = 2. The x-intercepts are then � 3 and 2. The equation we are
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currently dealing with is called a quadratic, and the intercepts don't give enough
information to plot the graph. Sinceall quadratic functions are symmetrical, the
turning point will always occur half-way between the x-intercepts. The equation
y = x2 + x � 6 is that of a parabola.

-

6

x

y

. ............... ................
.................

..................

...................

.......................

..........................

.............................

................................

....................................

.......................................

..........................................

.............................................

................................................

....................................................

................................
.................

..................

...................

.......................

..........................

.............................

................................

....................................

.......................................

..........................................

.............................................

................................................

....................................................

� 4 � 2 2

� 6

� 4

� 2

2

4

6
�O

The worksheet on di�erentiation gives us another method for �nding the coordinates of A.
Point A is called a turning point becausethe graph changesdirection at point A. Another
important output of functions that can be seenfrom graphsare the valuesof y and x where
the function isn't de�ned. Thesewill appear as breaks in the graph. For example,we noted
in the last worksheetthat the function y = 1

x is not de�ned at x = 0. Also, there is no input
that will give an output of y = 0, i.e. there are no x or y-intercepts. The graph of y = 1

x looks
like this:

-�

6

?

x

y

?

-
�

6

f (x) = 1
x

There is a break in the graph of this hyperbola at x = 0 and at y = 0.

17



Example 5 :

-�

6

?

x

y = g(x)

ss

� 1

�����)

-

The function g(x) is not de�ned for � 1 < x < 0.

Exercises:

1. Graph the following equationsof straight lines by �rst �nding x and y intercepts.

(a) y = x + 2

(b) y = x � 3

(c) y = 2x + 4

(d) x + y � 6 = 0

(e) y = 4 � x

Section3 Odd and Even Functions

Somefunctions can be classedasodd or even functions. Many functions, however, are not odd
or even. If we know that a certain function is odd or even, it will help us draw the graph.

An even function is one in which
f (a) = f (� a)

for all a. That is,, whatever number we chooseas input, the output of the function will be
the sameif we changethe sign of the input. For an even function, if an input of � c givesan
output of b, then the input c also givesan output of b. In function notation, this says that if
f (� c) = b, then f (c) = b also.

Example 1 : The function f (x) = x2 is even.

f (1) = 1 f (2) = 4 f (a) = a2

f (� 1) = 1 f (� 2) = 4 f (� a) = a2
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An even function has a distinctive shape when graphed- the graph for the negative x's (the
left-hand sideof the y-axis) is a re
ection of what is on the right-hand sideof the y-axis.

-�

6

?

x

y
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-�

6
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x

y
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6

?

x

y

�W

y :

Each of the four graphsrepresents an even function.

Example 2 : Say we are given part of a graph of g(x).

-�

6

?

x

y

U

We now extend the graph of g(x) to make an even function:

-�

6

?

x

y

U�
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We now de�ne what an odd function is. A function f (x) is odd if

f (� x) = � f (x)

That is, if an input of a givesan output of b, then an input of � a will give an output of � b.

Example 3 : The function g(x) = x is an odd function. Note that

g(1) = 1 g(2) = 2
g(� 1) = � 1 g(� 2) = � 2

The graph of an odd function has distinctive features;it has the property that you get what
is on the right-hand side of the y-axis by rotating what is on the left-hand side of the y-axis
through 180� . And vice versa.

Example 4 :

-�
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x

y = g(x)
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Here are more examplesof odd functions.
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Given the function h(x):

-�

6

?

x

y = h(x)

U

We can extend h(x) to be an odd function:

-�

6

?

x

y = h(x)

U

K

If we are given a function as an expression,we can test it to seeif it is odd or even by
substituting in a and � a as inputs and �nding out what the outputs are.

Example 5 : Is the function y(x) = x2 + 7 even, odd, or neither?

y(a) = a2 + 7

y(� a) = (� a)2 + 7

= a2 + 7

We can seethat y(� a) = y(a), so y(x) is even.

Exercises:

1. Are the following functions even, odd, or neither?

(a) f (x) = 2x

(b) f (x) = x2 � 2

(c) f (x) = x + 1

(d) f (x) = 3
x
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(e) f (x) = x2 + x + 3

-

6
y

x
J

J
J

J
J

JJ

















(� 1; 2) (1; 2)
r r

(f )

-

6
y

x

























(� 2; � 3)

(2; 3)

r

r

(g)

-

6
y

x

�
�

�
�

� � � � �

(h)

Section4 The equation of a Cir cle

Therearesomeequationsthat you shouldbeableto recognizeat �rst glance,and know roughly
what they look like: the equation of a straight line is an example. Another equation that you
should be able to recognizeis the equation of a circle. It is

x2 + y2 = r 2

for somenumber r . When graphed,the set of points satisfying x2 + y2 = r 2 will be a circle of
radius r centered at the origin. This meansthat the x and y-interceptsare � r .

The equation of a circle is not actually a function of x sinceeach value of x has two possible
valuesof y in the domain � r < x < r . But it is an equationthat you will be expectedto know
how to graph.

A variation of the equation of a circle already given to you is

(x � a)2 + (y � b)2 = r 2

This is still an equation of a circle, but it is more general: it has a radius r as before,but is
centred on (a;b) rather than at the origin.

The circle
(x � 2)2 + (y � 1)2 = 25

hascentre (2; 1) and radius 5. The circle

(x + 1)2 + (y � 2)2 = 4

hascentre (� 1; 2) and radius 2.
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6

x

y

� 4 7

� 4

6

(2; 1)�

(x � 2)2 + (y � 1)2 = 25
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.....................................................................................................
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................

....

.............
......

...........
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.........
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.........
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..........
.

...........
..........
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.........
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........

.............
......

................
....

..................... ..................... .................... .................... .................... ....................
.....................

.....................
....................

...................

...................

....................

.....................

.....................

....................

....................

-

6

x

y

� 2 1
� 1

4

�

(x + 1)2 + (y � 2)2 = 4

(� 1; 2)
................

................

.................

.................

................

...............
...............

................
.................

...................................................................................................................
................

.............
..

...........
....

...........
.....

...........
......

..........
.......

.........
.......

.........

.......

.........

.......

.........
.......

..........
.......

...........
......

...........
.....

...........
....

.............
..

................ ................. ................. ................ ................ ................ ................ .................
.................

................
...............

...............

................

.................

.................

................

................

Exercises:

1. Write down the equation of a circle which has

(a) radius 3 and centre (6; � 2)

(b) radius 5 and centre (4; 3)

(c) radius 11
2 and centre (� 1; 2)

(d) radius 2 and centre ( 1
2 ; 11

2)

(e) radius 4 and centre (� 1; � 3)
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Exercisesfor Worksheet3.2

1. (a) What is the range of the function whosegraph is below? Give your answer in
interval notation.

-�

6

?

x

y

-

c

s2

� 3

K

(b) What is the domain of the function whosegraph is below (in interval notation)?

-�

6

?

x

y

?

B
B

B
BBM

c s
� 2 1 2

(c) What are the x and y intercepts of y = 2x � 3?

(d) The function y = x2 � 3x � 4 crossesthe x-axis twice and the y-axis once.
Find all three intercepts.

(e) Let f (x) = x3 � x.

i. Show that f (x) is odd.
ii. Sketch f (x).

2. State whether the following equationsrepresent a line, a parabola, a cubic,
a circle, or a hyperbola.

(a) x2 + y2 = 16

(b) y = x2 + 5x + 6

(c) y = 2
x

(d) (x � 1)2 + (y + 2)2 = 49

(e) y = 2x + 1
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3. State whether the following functions are even, odd or neither:

-�

6

?

y

x

A
A
A
A
A
AU

�
�

�
�

�
��

(a)

-�

6

?

y

x

�

	

(b)

-�

6

?

y

x

� � �*

HHHY

(c)
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Worksheet3.3 Trigonometry

Section1 Review of Trig Ratios

Worksheet2:8 introducesthe trig ratios of sine, cosine,and tangent. To review the ratios,
considera triangle AB C with angle� asmarked.

�
�

�
�

�
�

��

b

ac

�
A C

B

The hypotenuse(hyp) of the triangle is c; the adjacent (adj) side is b; the opposite (opp) side
is a. The sideof length a is opposite the angle,and the sideof length b is the sideadjacent to
the anglewhich is not the hypotenuse. Then we have

sin� =
opp
hyp

=
a
c

cos� =
adj
hyp

=
b
c

tan � =
opp
adj

=
a
b

Note also that
sin�
cos�

=
a
c
b
c

=
a
b

= tan �

Exercises:

1. For the following triangle, �nd the ratios:

(a) sin�
(b) tan �
(c) cos�

Z
Z

Z
Z

Z
Z

Z
Z

4

3 5

�
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2. For the following triangle, �nd the ratios:

(a) tan � (d) sin�
(b) cos� (e) tan �
(c) sin� (f ) cos�

Z
Z

Z
Z

Z
Z

Z
Z

b

a

c
�

�

3. (a) UsePythagoras' theoremto �nd x
(b) Find (i) sin�

(ii) tan �
(iii) cos�

H H H H H H H H H H

5

12

x

�

Section2 Degrees and Radians

Recall from Worksheet2:9 that
1� =

�
180

radians

In university maths it is much more common to give anglesin radians rather than degrees.
If the units are left o� an angle, then the angle is in radians. Degreescan be converted to
radiansusing the above formula, but it will be very convenient for you to know somestandard
conversions. In particular:

90� = �
2 30� = �

6
45� = �

4 180� = �
60� = �

3 360� = 2�

Example 1 : An equilateral 4 has three equal anglesof �
3 .

Example 2 : Convert 50� to radians.

50� = 50
�

180
=

5�
18

radians

Example 3 : How many degreesis �
9 radians? We know 180� = � , so �

9 = 180�

9
therefore �

9
= 20�
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If we think of an angle � as the amount of rotation of a straight line about the angle, then
we can de�ne a positive rotation asonewhich is anti-clockwiseand a negative rotation asone
which is in a clockwise direction. We can seethe ordinary x � y plane with the vertex of the
angleat the origin and the baseof the anglebeginningat the positive x-axis. i.e. the positive
x-axis represents the position of the line if the angleof rotation is 0. Sofor the angle� we get
the following diagram:

-�

6

?

y

x
@

@@I
� �

We can now represent anglesgraphically and we can deal with anglesof any size. Recall that
a full revolution is 2� , or 360� . So rotating a line through 2� will bring it back to its starting
position.

Example 4 : Represent �
3 radians graphically. Since� is the anglehalf way round

the plane, �
3 is the angleone third of the way around the upper half of the plane.

-�

6

?

y

x
�
�
��

I

�
3

Example 5 : Represent 2�
3 radians graphically.

-�

6

?

y

x
@

@@I
�

2�
3

Example 6 : Represent � �
4 radians graphically.

-�

6

?

y

x
@

@@R

+ � �
4
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Exercises:

1. Write the following degreesin radian measure

(a) 80� (b) 120� (c) 90� (d) 270� (e) 135�

2. Convert the following radian measuresto degrees

(a) �
8 (b) 2�

9 (c) 3�
4 (d) 5�

6 (e) 7�
6

Section3 St and ard Triangles

There are two triangles which are known as standard triangles. Thesetriangles and the in-
formation contained in them should be memorized,as you will be expected to know certain
information without using a calculator. The �rst triangle is a right-angled isoscelestriangle.
Recall that an isoscelestriangle has two anglesthe sameand two sidesthe samelength:

�
�

�
�

�
�

�

1

1
p

2
�
4

The associated trig ratios are fairly simple to work out, and are left as exercises.The second
standard triangle is half an equilateral triangle of length 2.

�
�
�
�
�
�
�

A
A

A
A

A
A

A

2

22

�
3

�
3

�
3

When we have taken half the equilateral triangle, we end up with the following:

�
�
�
�
�
�
�

1

p
32

�
3

�
6

Pythagoras' theoremgivesus the length of the vertical sideas
p

3, and the angle� is half the
top angleso � = �

6 . The trig ratios given by this triangle are:
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sin �
3 =

p
3

2 sin �
6 = 1

2

cos�
3 = 1

2 cos�
6 =

p
3

2

tan �
3 =

p
3 tan �

6 = 1p
3

Once the triangles are memorizedthe trig ratios can be found by just drawing either of the
two triangles. It is important that you memorizethe trig ratios for the angles �

6 ; �
3 and �

4 .

Exercises:

1. Find the exact ratios for the following

(a) tan �
3 (b) cos�

6 (c) sin �
4 (d) tan �

4 (e) tan �
6

2. Useexact ratios to �nd � in each of the following equations,where0 � � � �
2 .

(a) sin� = 1
2

(b) cos� = 1
2

(c) tan � = 1

(d) sin� =
p

3
2

(e) cos� = 1p
2

Section4 Using trigonometric ra tios

We can use the trigonometric ratios described in the previous sectionsto �nd an unknown
angleor side in a right-angled triangle. Considerthe following triangle:

















6

8

�

Let us say that we wish to �nd � in this triangle. The side that is 6 units long is adjacent to
� ; the side that is 8 units long is opposite to � , so we have

tan � =
opposite
adjacent

=
8
6

=
4
3
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Consequently, � is an angle whosetangent is 4
3. That is � = tan� 1 4

3. By using the tan� 1

button on a calculator, we �nd that � = 0:927, to three decimalplaces.Note that this answer
is in radians.

Example 1 : What is � ?
H H H H H H H H H H

720

�

With respect to � , the opposite sideis 7 units long, and the hypotenuseis 20 units
long. Therefore,

sin� =
opposite

hypotenuse

=
7
20

� := 0:358

The last stepwascarriedout usingthe sin� 1 button on a calculator, and the answer
is approximate and in radians.

Example 2 : What is x?
H H H H H H H H H H

x 10

0:62

The trigonometric ratios may also be usedto �nd the length of a side in a right
angledtriangle.

sin0:62 =
OPP

HYP

=
x
10

x = 10sin0:62

x = 5:81

Example 3 : What is x?
@

@
@

@
@

@
@

@

x

25

0:41
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tan 0:41 =
OPP

ADJ

=
x
25

x = 25tan 0:41

x = 10:87

Exercises:

1. Find � in each of the following

(a)

J
J

J
J

J
JJ

8

5
� (b)

J
J

J
J

J
JJ

6

4
�

(c) �
�
� H H H H H H

12

5
� (d)

Q
Q

Q
Q

Q
Q

1:72

2:4
�

2. Find x, to 2 decimal places,in each of the following triangles.

(a)

@
@

@
@

@
@

8 x

0:6

(b)

J
J

J
J

J
JJ

20

x
1:2

(c)

Q
Q

Q
Q

Q
Q

8

x

�
3

(d)

@
@

@
@

@
@

5:4 x

�
8

Section5 Inverse Trig Functions

Sometimesyou will comeacrossthe notation sin� 1 a or cos� 1 a. Now, sin� 1 a doesnot mean
1

sin a . It is called the arcsineof a, and meansthis: the sin of what anglewill give an answer a?
So

sin� 1 a = � means

sin� = a

The samerule applies to cos� 1 a and tan� 1 a. If you wish to write 1
sin a then you would do so

as (sina) � 1 so that there is no confusion.
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Exercisesfor Worksheet3.3

1. (a) Covert

i. 5�
6 to degrees

ii. 12�
9 to degrees

iii. 80� to radians; write the answer as a number times � .
iv. 42� to radians; write the answer to 3 decimal places

(b) Find the exact valuesof

i. sin �
4

ii. cos�
6

iii. tan �
3

2.

T
T

T
T

T
T

T
T

T
T

12
x

6
�

(a) Find the value of x

(b) Evaluate �

3. Joan walks 5km north, then 3.6km east.

(a) Put thesedistancesonto the appropriate sidesof the triangle below:

�
�

�
�

�

�

(b) Find the angle � , the bearing that Joan hase�ectively walked along.
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Worksheet3.4 Further Trigonometry

Section1 Trig ra tios f or angles of any magnitude

Recall from the last worksheethow we described a way of drawing anglesof any magnitudeon
the cartesianplane. If we usethe positive x-axis to represent our starting point, then rotate
this axis in an anticlockwisedirection through � radians,we have an angleof � radians (with
� positive). A negative anglecan be drawn by rotation in a clockwise direction.

Example 1 : We draw the angles� �
6 and 2�

3 .

-�

6

?

H H Hj � �
6

�
-�

6

?

A
A

AK 2�
3)

Instead of representing a point P using x and y coordinates,we could represent it asan angle
of rotation and a distanceaway from the origin.

-

6

�
�

�
q

�

P
d

.
.........
..........
.........

.........

As examplesconsidertwo points: Q, which is 2 units away from the origin and rotated through
an angleof 5�

4 ; R, which is 1:5 units away from the origin and rotated through an angleof � �
4 .

-

6

�
�

�q

5�
4

Q
2

.

.........
..........

.........
.........

.........
.............................................................................................

.........
................... ......... .........

-

6

@
@q
� �

4

R
1:5

.
.....................................

The question now is how to connect this method of specifying a point with the usual way of
using the x and y coordinates. In a previous section we de�ned sin� and cos� using right
angledtriangles. A much more usefulde�nition is the following. Let a point P be exactly one
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unit away from the origin, and rotated by an angle � . Then the x coordinate of P is de�ned
to be cos� , and the y coordinate is de�ned to be sin� . The illustration of the de�nition is:

-

6

@
@

@
@
q

�

P(cos� ; sin � )

1

.
.........
..........
.........

.........
.........

.................................................................

Example 2 : Draw a picture to determinewhethersin(� �
4 ) andcos(� �

4 ) arepositive
or negative.

-

6

@
@

@
@q

� �
4

P(x1; y1)

1

.
.....................................

From the de�nitions of sineand cosinewe have

x1 = cos(�
�
4

)

y1 = sin(�
�
4

)

It is apparent from the picture that cos(� �
4 ) > 0 and sin(� �

4 ) < 0.

Example 3 : Draw a picture to locate the point (sin( 7�
6 ); cos(7�

6 )).

-

6

.

..................
..................

..................
..................

..................
..................

...............

q

7�
6

(cos7�
6 ; sin 7�

6 )
1

..........
.........
.........

.........
........

......................................................................................................................................

Notice what happenswhen we apply this de�nition to an angle that is between0 and �
2 . Let

Q be the point that is exactly oneunit away from the origin, and rotated by an angle� , where
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0 < � < �
2 . Say the x coordinate of Q is b and the y coordinate is a. The relevant picture is:

-

6

�
�

�
�

q

�

Q

1

.
.........
..........
.........

.........

b

a

If you think about the right angledtriangle formed be the points (0; 0), (b;0), and (a;b) and
apply the right angledde�nitions of sineand cosinethen you get the formulae

sin� =
a
1

= a

cos� =
b
1

= b

which is to say the x and y coordinatesof the point Q are cos� and sin� respectively. This is
exactly the de�nition that we have just proposed!The point is that the de�nitions of sineand
cosinethat we have seenbefore, in terms of right angled triangles, match the new de�nition
that we have just given in the casethat the anglesare between0 and �

2 (0� and 90� ).

The advantage with the new de�nition is that it allows us to �nd the sineand cosineof angles
of any magnitude, aswell as for negative angles.We do this by drawing the unit circle (which
is a circle of radius 1 centred on the origin). Any point on the circle is then exactly one unit
away from the origin. Now, drawing in our anglefrom example2, � �

4 , we get

-

6
y

x
(1; 0)r

....................

.....................

.....................

.....................

....................

...................

...................

....................
.....................

.....................
.....................................................................................................

.....................
................

....

.............
......

............
.......

...........
.........

...........
..........

..........
..........
.

.........
.........
..

.........

.........

..

.........

.........

..

.........
..........
.

..........
..........
.

..........
...........

...........
.........

............
.......

.............
......

................
....

..................... ..................... .................... .................... .................... ....................
.....................

.....................
....................

...................

...................

....................

.....................

.....................

....................

....................@
@

@
@r

.
.........
............................ � �

4

(x1; y1)

Now,

x1 = cos(�
�
4

)

y1 = sin(�
�
4

)
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Notice that the triangle de�ned by the points (0; 0), (x1; 0) and (x1; y1) is a right angled
triangle; the hypotenuseis of length 1 becausethe the radius of the unit circle is of length 1.
It is drawn here:

@
@

@
@

@
@

�
4

1

.
.....................................

What remainsis to �nd the length of the two sidesof the triangle, which wewill do by recalling
our standard triangles from an earlier worksheetand using the properties of similar triangles.
The two standard triangles we looked at were

�
�

�
�

�
�

1

1

p
2

.
.........
..........
.........

.........
�
4

.

...................................................................................................................................................................................................................

1

p
32

.........
.........
.........

........
........

........ �
3

We can make the triangle on the left the sameas the one that we took out of the unit circle
by dividing all the lengthsby a factor of

p
2. Similarly, we can make the standard triangle on

the right have a hypotenuseof length 1 by dividing each sideby 2.

�
�

�
�

�
�

1p
2

1p
2

1

.
.........
..........
.........

......... �
4

.

...................................................................................................................................................................................................................
1
2

p
3

2
1

.........
.........
.........

........
........

........ �
3

Putting the lengths back onto the unit circle picture givesus

-

6
y

x
(1; 0)r
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.....................................................................................................
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.............
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.........
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.........

.........
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.........

.........
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.........
.

..........
..........
.

...........
..........

...........
.........

...........
........

.............
......

................
....

..................... ..................... .................... .................... .................... ....................
.....................

.....................
....................

...................

...................

....................

.....................

.....................

....................

....................@
@

@
@r

.
..................................... � �

4

(x1; y1)

1p
2

1p
2

Then we have

x1 = cos(�
�
4

) =
1

p
2

y1 = sin(�
�
4

) = �
1

p
2
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Example 4 : Calculate the sineand cosineof 7�
6 .

-

6
y

x
(1; 0)r
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................
....

..................... ..................... .................... .................... .................... ....................
.....................

.....................
....................

...................

...................

....................

.....................

.....................

....................

....................
.

..................
.................

..................
..................

.................
..................

.................
..................

..........

r

..........
.........
.........

.........
........

......................................................................................................................................

7�
6

(x2; y2)

Recalling the de�nitions of sineand cosine,we have

x2 = cos(
7�
6

)

y2 = sin(
7�
6

)

By extracting the right angledtriangle which connectsthe points (0; 0), (x2; 0), and
(x2; y2) and comparingit to the scaledstandard triangles, we canput the following
distancesonto the unit circle diagram.

-

6
y

x
(1; 0)r
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................
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..................... ..................... .................... .................... .................... ....................
.....................

.....................
....................

...................

...................

....................

.....................

.....................

....................

....................
.

.................
..................

.................
..................

..................
.................

..................
.................

...........

r

..........
.........
.........

.........
........

......................................................................................................................................

7�
6

(x2; y2)

1
2

p
3

2

As a result, we get

x2 = cos(
7�
6

) = �

p
3

2

y2 = sin(
7�
6

) = �
1
2

What happens if an angle is bigger than 2� or lessthan � 2� ? Sincea full revolution of a
circle is 2� radians, the position on the circle is unchangedif we go an angleof � or an angleof

38



� + 2� . If the position on the circle is unchangedby adding an angleof 2� , and the sinesand
cosinesare de�ned in terms of the coordinates of appropriate points on the circle, then the
sinesand cosinesof anglesare unchangedby adding or subtracting multiples of 2� radians.

As an example,graph the angle 11�
4 on the cartesianplane.
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Notice that we would endup with an anglepointing in the samedirection if we had performed
a rotation of 11�

4 � 2� = 3�
4 .

Exercises:

1. Find the exact ratio for each of the following

(a) sin �
4

(b) tan(� �
4 )

(c) cos�
6

(d) cos7�
6

(e) sin(� �
3 )

(f ) tan 3�
4

(g) cos3�
4

(h) sin(� 2�
3 )

(i) tan 5�
6

(j) cos(� �
3 )

2. Usea calculator to �nd the following to 2 decimal places.

(a) cos1:6

(b) sin �
8

(c) tan 7�
6

(d) cos(� �
7 )

(e) sin(� 0:6)

(f ) sin �
9

(g) cos8�
5

(h) tan(� �
9 )
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Section2 Graphs of Trig Functions

The trig functions can be graphedon a Cartesian plane as functions of x. The unit of mea-
surement for x is radians. It is helpful to be able to recognizethe graphs of the main trig
functions.

The function y = sinx is odd, with an x-intercept every integer multiple of � . It looks like
this:
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The function y = sinx is alsoperiodic, with period 2� . This meansthat sin(x) = sin(x + 2� )
for all valuesof x. If a function f (x) is periodic with period b, then f (x) = f (x + b) for all x.

We can seefrom the graph of y = sinx that the range of the function is [� 1; 1] i.e. � 1 �
sinx � 1 for all x.

The function y = cosx is even. It is alsoperiodic with period 2� . The y-intercept is 1 and the
x-intercepts are at �

2 + k� for integer k. The graph of y = cosx looks like this:
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Notice that the rangeis also[� 1; 1], so � 1 � cosx � 1 for all x. The graphsof sinx and cosx
will help you to remember the valuesof sinx and cosx for x = 0; �

2 ; � ; 3�
2 and 2� if you are a

visual person. Somepeople�nd it easierto remember the pictures, other peoplethe numbers.
From the graph we get
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sin(� � ) = 0 cos(� � ) = � 1
sin(� �

2 ) = � 1 cos(� �
2 ) = 0

sin( �
2 ) = 1 cos( �

2 ) = 0
sin( 3�

2 ) = � 1 cos( 3�
2 ) = 0

sin(2� ) = 0 cos(2� ) = 1

The graph of y = tan x looks completely di�erent from either cosx or sinx. It is a periodic
function with period � and it looks like this:
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Notice that the x-intercepts are integer multiples of � , and that the y-intercept is 0. Notice
also that y = tan x is not de�ned at �

2 + k� for any integer k. Recall that

tan x =
sinx
cosx

so tan x is unde�ned when cosx = 0, which is at �
2 + k� for any integer k.

Exercises:

1. (a) Given y = 2sinx, completethe table of values

x � � � 5�
6 � �

2 � �
6 0 �

6
�
2

5�
6 �

y

(b) Using the table draw the graph of y = 2sinx for � � � x � � .
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Section3 Pytha gorean Identities

There are someequalities known as trigonometric identities which are very useful in solving
somekinds of problems. The �rst one that we look at is derived from Pythagoras' theorem.
Recall:

sin� = a=c
cos� = b=c

a2 + b2 = c2

@
@

@
@

@
@

@@

b

a c

�

From the above relations, we then have:

sin2 � + cos2 � = (
a
c

)2 + (
b
c
)2

=
a2

c2
+

b2

c2

=
a2 + b2

c2

=
c2

c2

= 1

Then we have that for any angle� :

sin2 � + cos2 � = 1

The next two identities are also important, but will not be derived. For any anglesA and B:

sin(A + B) = sinA cosB + sinB cosA
cos(A + B) = cosA cosB � sinA sinB

Theseidentities canbe usedto �nd the cosand sin of any anglesbigger than �
2 . We canderive

more trig identities from the onesthat we already have.

Example 1 :

sin2x = sin(x + x)

= sinx cosx + sinx cosx

= 2sinx cosx
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Example 2 :

cos2x = cos(x + x)

= cosx cosx � sinx sinx

= cos2 x � sin2 x

Recall that y = cosx is an even function, therefore

cos(� x) = cos(x)

Recall that y = sinx is an odd function, therefore

sin(� x) = � sin(x)

Example 3 :

sin(A � B) = sinA cos(� B) + sin(� B ) cosA

= sinA cosB � sinB cosA

Example 4 :

cos(A � B) = cosA cos(� B) � sin(� B ) sinA

= cosA cosB + sinB sinA

Theseidentities can be usedin many ways. One usefor them is an alternative way of �nding
the trig ratios of anglesbetween0 and 2� .

Example 5 : Calculate the sineand cosineof 7�
6 .

sin
7�
6

= sin(� +
�
6

)

= sin� cos
�
6

+ cos� sin
�
6

= 0 �

p
3

2
+ (� 1) �

1
2

= �
1
2

cos
7�
6

= cos(� +
�
6

)

= cos� cos
�
6

� sin� sin
�
6

= (� 1) �

p
3

2
+ (0) �

1
2

= �

p
3

2
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Writing the angle 7�
6 as � + �

6 wasn't the only option { we could have used 7�
6 =

3�
2 � �

3 . (Notice that the answersthat we have hereagreewith the valuescalculated
using the unit circle earlier in the worksheet.)

Exercises:

1. Useexact ratios to show that
sin2 �

6
+ cos2

�
6

= 1

2. Useexact valuesto show that equation

sin(A + B) = sinA cosB + sinB cosA

is satis�ed when A = 0 and B = �
3 .

Section4 Sol ving trigonometric equa tions

In the previous section � was given and we evaluated the trigonometric ratios for the angle.
Now we investigate the situataion wherewe must �nd the value, or values,of � when we are
given a trigonometric ratio.

Example 1 : Solve sin� = 1
2 for 0 � � � 2� . Recall that sin� is the y coordinate of

a point on the unit circle. The �rst step then will be to draw a unit circle and draw
the line y = 1

2; the next, and last, step is to determine the anglesof the points on
the unit circle wherethe line y = 1

2 cuts. We draw two pictures, onewith the basic
information we have just outlined, and one with a few distancesthat have been
worked out.
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The �rst thing to note is that there are two solutions. The lengths shown have
been�gured out using the fact that the vertical distancesare 1

2 , the fact that the
radius of the circle is 1, and by recognizingthat the triangles hidden in the picture
are scaledversionsof the standard triangles (which are shown in section1). Given
that we know the anglesin the standard triangles, we can read o� the anglesto
the two solutions as �

6 and � � �
6 = 5�

6 .

Example 2 : Solve cos2 � = 1
4 .

This must have solutionsgiven by cos� = 1
2 and cos� = � 1

2 . The de�nition of cos�
is that it is the x coordinate of the point de�ned by someangle around the unit
circle. So the solution will be obtained by drawing the lines x = 1

2 and x = � 1
2 ,

locating the points of intersectionwith the unit circle, then �nding the appropriate
angles.Again we draw two pictures: onewith minimal information, so we can see
roughly wherethe solutionsare aswell ashow many solutions there are; the other
picture hasdetails of distancesand so on.
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From the �rst picture wecanseethat therearefour solutions,aswell asthe fact that
there is onesolution in each quadrant. Of the four triangles in the secondpicture,
only the distancesfor one of them have beenshown, as all the other triangles are
similar. The distanceshave again beenfound by scalinga standard triangle from
section 1. As the anglesof the standard triangle are known, so are the anglesof
the four points shown. They are �

3 , � � �
3 , � + �

3 , and 2� � �
3 . (Another way to

write the solutions would be �
3 , � � �

3 , � �
3 , and � (� � �

3 ).)
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Exercises:

1. Solve the following equationsfor � ; restrict your answers to 0 � � � 2� .

(a) sin� = �
p

3
2

(b) tan � = �
p

3

(c) cos� = 1p
2

(d) cos� =
p

3
2

(e) tan � = � 1

(f ) sin� = � 1
2
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Exercisesfor Worksheet3.4

1. Find the exact ratios of

(a) sin 3�
4

(b) tan �
6

(c) cos7�
4

(d) cos4�
3

(e) sin 5�
6

(f ) tan � �
3

2. (a) Usethe expansionsin(A + B) = sinA cosB + sinB cosA to �nd the exact value of
sin 7�

12 . Note that 7�
12 = �

3 + �
4 .

(b) Usethe expansioncos(A � B) = cosA cosB + sinA sinB to �nd the exact value of
cos �

12. Note that �
12 = �

3 � �
4 .

3. Solve for � in the interval 0 � � � 2� .

(a) tan � =
p

3

(b) sin� = 1p
2

(c) cos� = � 1p
2
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Worksheet3.5 SimultaneousEquations

Section1 Number of Solutions to Simul t aneous Equa tions

In maths we are sometimesconfronted with two equations in two variables and we want to
�nd out which valuesof the variablessatisfy both of the equations.Sometimesthere will be no
valuesof the variablesthat allow both equationsto hold, and other equationswill have many
possiblevaluesof the variables. The processof �nding solutions is calledsolving simultaneous
equations.

For example,we might be asked to �nd the x and y valuesthat allow both of the following
equationsto be true:

5x + 2y = 3

4x + 2y = 4

Recall from worksheet 2.10 that the general equation of a line can be written in the form
ax + by+ c = 0, for a, b, and c constants. Both of the equationsabove have the correct form
for the equationof a line. This is always the casewhensolvinglinear simultaneousequationsin
two variables. This meansthat solvingsimultaneousequationsis the sameas�nding the point
of intersectionof lines. If certain valuesof x and y satisfy both equations,the point (x; y) will
lie on both the lines. If we think about a systemof simultaneousequationsasrepresenting lines
on the cartesianplane we can tell how many solutions there will be to the equationswithout
actually solving them. When we draw two lines on the plane, there are three possibilities:

1. The lines crossjust once.

2. The lines never cross.

3. The lines lie on top of each other.

The �rst casecorresponds to a unique solution, i.e. there is only one value for each variable
that will satisfy both equations. The secondcaseoccurswhen the two lines are parallel, and
aren't touching. Parallel lines have the sameslope (gradient). For instance,the two lines

1: y = 2x + 2 and

2: y = 2x � 2

are parallel, and don't touch. They have the samegradient, in this case2, but the y-intercepts
aredi�erent. Consequently, they two linesnever touch each other. Equation 1 hasa y-intercept
of 2, and equation 2 hasa y-intercept of � 2. If we draw theselines, we get

48



-�

6

?

�
�
�
���

�
�

�
�

�
�

�
�

�
���

�
�
�
���

�
�

�
�

�
�

�
�

�
���

2

� 1 1

� 2

The third caseariseswhen the two equations represent the sameline on the plane, and so
touch everywhere. The two equations

1. y = 3x + 6 and

2. 2y = 6x + 12

lie on top of oneanother whengraphedbecauseif we take equation2 and divide both sidesby
2, they we get equation 1 exactly. If two lines lie on top of one another there are an in�nite
number of (x; y) pairs that will satisfy both equations. Namely, every pair (x; y) that satis�es
equation 1 will alsosatisfy equation 2.

To check on the number of solutions to a systemof simultaneousequationswe can rearrange
both equationsto the slope-intercept form and then comparegradients and intercepts. If the
gradients are di�erent, we will have a single (i.e. unique) solution. If the gradients are the
same,but the y-intercepts are di�erent, then we will have no solutions. If the gradients are
the same,and the y-interceptsare the same,then there will be an in�nite number of solutions.

Putting this algebraically, if we have:

y = m1x + b1

y = m2x + b2

Then

� If m1 6= m2 then there is onesolution.

� If m1 = m2 and b1 6= b2 there are no solutions.

� If m1 = m2 and b1 = b2 there is an in�nite number of solutions
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Example 1 : How many solutions do the following simultaneousequationshave?

1. 3y + 6x = 9

2. 2y + 10x = 4

Rearranging,we get

y = � 2x + 3 for equation 1

y = � 5x + 2 for equation 2

The gradients of the two lines are di�erent, so there will be onesolution.

Example 2 : How many solutions do the following simultaneousequationshave?

1. 5y + 10x = 5

2. y + 2x = 2

Rearranging,we get

y = � 2x + 1 for equation 1

y = � 2x + 2 for equation 2

The gradients of the two lines are the same,but the intercepts are di�erent. Then
the lines are parallel, but don't touch. There are no solutions to the system.

Example 3 : How many solutions do the following simultaneousequationshave?

1. 5 + 10x = 2y

2. 4y � 20x = 10

Rearranging,we get

y =
5
2

+ 5x for equation 1

y =
5
2

+ 5x for equation 2

The gradients of the two lines are the same,and the intercepts are also the same.
Then the lines are on top of each other, and there are in�nitely many solutions.
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Exercises:

1. How many solutions would each of the following pairs of equationshave?

(a) y = 2x + 1
y = 3x � 2

(b) 2y = 6x � 4
y = 3x � 2

(c) y + x � 2 = 0
y � x + 1 = 0

2. Check your answers by graphing the pairs of lines on a number plane.

Section2 Sol ving simul t aneous equations

The previous section discussedhow many solutions there are to a system of 2 simultaneous
equationsin 2 unknowns (which we have beenwriting as x and y). We will learn how to �nd
solutions to a system of simultaneous equationsby example. Given two equationsand two
unknowns, our objective is to reducethis to one equation and one unknown, which we know
we can solve.

We can solve two equationssimultaneouslyby graphing them and �nding their point of inter-
section.

Let us solve for the following systemgraphically:

(i) x + y � 4 = 0

(ii) x � y + 2 = 0

Drawing the two lines on onegraph, we get:

6

-

y

x2 4

2

4

�
�

�
�

�
�

�@
@

@
@

@
@

@

x � y + 2 = 0

x + y � 4 = 0

51



From the graph, we can seethat the point of intersection is (1; 3). Substituting x = 1 and
y = 3 into the two equations,we see:

(i) 1 + 3 � 4 = 0 (true)
(ii) 1 � 3 + 2 = 0 (true)

Hencethe point (1; 3) satis�es both equations. Sometimesthe point of intersectionis not easy
to read o� the graph, so solving a systemof equationsalgebraically is often easierand more
precise.

Example 1 : Solve the system:

(i) x + y = 4

(ii) x � y = � 2

If we add equation (i) to equation (ii) the y's will cancel:

(i) + (ii) 2x = 2

x = 1

We now substitute x = 1 into either equation (i) or (ii). Let us chooseequation (i). Then

1 + y = 3

y = 3

So the solution is x = 1 and y = 3. (You can, and should, check the solution by substituting
the valuesof x and y into both equations(i) and (ii).)

Example 2 : Solve the system

(i) 3x + 2y = 5
(ii) x + 2y = � 3

There are the samenumber of y's i equation (i) and (ii), so if we subtract the
equationswe would eliminate the y's.

(i) - (ii) 2x = 8 (Note 5 � (� 3) = 8)
x = 4
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Substitute x = 4 in equation (ii):

4 + 2y = � 3

2y = � 7

y = � 3
1
2

The solution is x = 4, y = � 31
2; check that the solution satis�es (i) and (ii).

Example 3 : Solve the system

(1) y = 2x + 3

(2) y = 2x + 5

Subtracting (2) from (1) gives

(3) 0 = � 2

This is nonsense,and a check shows that there is no solution to this systembecause
the lines that the equationsrepresent are parallel.

Example 4 : Solve the system

(1) 2x + 3y = 10

(2) 5x + 4y = 11

Sometimesit is necessaryto multiply both equationsby di�erent numbers to get
the samemultiple of oneof the variables. Hereis another exampleof the usefulness
of being able to �nd the lowest common multiple of two numbers. We will take
equation (1) times 5, and equation (2) times 2:

(3) 10x + 15y = 50

(4) 10x + 8y = 22

Now subtracting (4) from (3):

10x + 15y � (10x + 8y) = 50� 22

7y = 28

which givesy = 4. Substituting this back into equation (1) givesx = � 1. A check
revealsthat x = � 1 and y = 4 is indeeda solution to the original equations.
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Exercises:

1. Solve graphically the systemof equations

x + y = 3

x � y = 1

2. Solve the following systemsalgebraicallywherepossible.

(a) 2x � y = 5
3x + y = 10

(b) 2x + 3y = � 1
2x + y = 4

(c) 3x + 2y = 4
x + y = 5

(d) 2x + 5y = � 4
3x + 2y = � 6
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Exercisesfor Worksheet3.5

1. How many solutions (one, none,or in�nite) will each of the following pairs of equations
have?

(a)
2x + 3y = 5
2x + 3y = 9

(b)
x + 2y = 3
x � 2y = 3

(c)
x � 2y = � 1

� 2x + 4y = 2

(d)
x + 5 = 3y

4x + y = 2

(e)
y = 1

3x + 9
x � 3y = 2

2. Solve the following systemsof equations.

(a)
y = 2x � 3
y = x + 5

(b)
2x � y = 4
x + 2y = 3

(c)
2x � 3y = 1
3x + 4y = � 1

3. The sum of Peter and Anneka's agesis 24, and the di�erence between their agesis 6.
Find their agesgiven that Peter is older than Anneka.
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Worksheet3.6 Arithmetic andGeometricProgressions

Section1 Arithmetic Pr ogression

An arithmetic progressionis a list of numberswherethe di�erence betweensuccessive numbers
is constant. The terms in an arithmetic progressionareusually denotedasu1; u2; u3 etc. where
u1 is the initial term in the progression,u2 is the secondterm, and so on; un is the nth term.
An exampleof an arithmetic progressionis

2; 4; 6; 8; 10; 12; 14; : : :

Sincethe di�erence betweensuccessive terms is constant, we have

u3 � u2 = u2 � u1

and in general
un+1 � un = u2 � u1

We will denotethe di�erence u2 � u1 as d, which is a commonnotation.

Example 1 : Given that 3,7 and 11 are the �rst three terms in an arithmetic
progression,what is d?

7 � 3 = 11� 7 = 4

Then d = 4. That is, the commondi�erence betweenthe terms is 4.

If we know the �rst term in an arithmetic progression, and the di�erence betweenterms, then
we canwork out the nth term, i.e. we canwork out what any term will be. The formula which
tells us what the nth term in an arithmetic progressionis

un = a + (n � 1) � d

wherea is the �rst term.

Example 2 : If the �rst 3 terms in an arithmetic progressionare 3,7,11then what
is the 10th term? The �rst term is a = 3, and the commondi�erence is d = 4.

un = a + (n � 1)d

u10 = 3 + (10 � 1)4

= 3 + 9 � 4

= 39
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Example 3 : If the �rst 3 terms in an arithmetic progressionare 8,5,2then what is
the 16th term? In this progressiona = 8 and d = � 3.

un = a + (n � 1)d

u16 = 8 + (10 � 1) � (� 3)

= � 37

Example 4 : Given that 2x; 5 and 6 � x are the �rst three terms in an arithmetic
progression, what is d?

5 � 2x = (6 � x) � 5

x = 4

Sincex = 4, the terms are 8, 5, 2 and the di�erence is � 3. The next term in the
arithmetic progressionwill be � 1.

An arithmetic seriesis an arithmetic progressionwith plus signsbetweenthe terms insteadof
commas.We can �nd the sum of the �rst n terms, which we will denoteby Sn , using another
formula:

Sn =
n
2

[2a + (n � 1)d]

Example 5 : If the �rst 3 terms in an arithmetic progressionare 3,7,11then what
is the sum of the �rst 10 terms?
Note that a = 3, d = 4 and n = 10.

S10 =
10
2

(2 � 3 + (10 � 1) � 4)

= 5(6+ 36)

= 210

Alternativ ely, but more tediously, we add the �rst 10 terms together:

S10 = 3 + 7 + 11+ 15+ 19+ 23+ 27+ 31+ 35+ 39 = 210

This method would have drawbacks if we had to add 100 terms together!

Example 6 : If the �rst 3 terms in an arithmetic progressionare 8,5,2then what is
the sum of the �rst 16 terms?

S16 =
16
2

(2 � 8 + (16 � 1) � (� 3))

= 8(16� 45)

= � 232
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Exercises:

1. For each of the following arithmetic progressions,�nd the values of a, d, and the un

indicated.

(a) 1, 4, 7, : : :, (u10)

(b) � 8, � 6, � 4, : : :, (u12)

(c) 8, 4, 0, : : :, (u20)

(d) � 20, � 15, � 10, : : :, (u6)

(e) 40, 30, 20, : : :, (u18)

(f ) � 6, � 8, � 10, : : :, (u12)

(g) 2, 21
2, 3, : : :, (u19)

(h) 6, 53
4, 51

2, : : :, (u10)

(i) � 7, � 61
2 , � 6, : : :, (u14)

(j) 0, � 5, � 10, : : :, (u15)

2. For each of the following arithmetic progressions,�nd the values of a, d, and the Sn

indicated.

(a) 1, 3, 5, : : :, (S8)

(b) 2, 5, 8, : : :, (S10)

(c) 10, 7, 4, : : :, (S20)

(d) 6, 61
2, 7, : : :, (S8)

(e) � 8, � 7, � 6, : : :, (S14)

(f ) � 2, 0, 2, : : :, (S5)

(g) � 20, � 16, � 12, : : :, (S4)

(h) 40, 35, 30, : : :, (S11)

(i) 12, 101
2, 9, : : :, (S9)

(j) � 8, � 5, � 2, : : :, (S20)

Section2 Geometric Pr ogressions

A geometricprogressionis a list of terms as in an arithmetic progressionbut in this casethe
ratio of successive terms is a constant. In other words, each term is a constant times the term
that immediately precedesit. Let's write the terms in a geometricprogressionasu1; u2; u3; u4

and soon. An exampleof a geometricprogressionis

10; 100; 1000; 10000; : : :

Sincethe ratio of successive terms is constant, we have

u3

u2
=

u2

u1
and

un+1

un
=

u2

u1

The ratio of successive terms is usually denotedby r and the �rst term again is usually written
a.
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Example 1 : Find r for the geometricprogressionwhose�rst three terms are 2, 4,
8.

4
2

=
8
4

= 2

Then r = 2.

Example 2 : Find r for the geometricprogressionwhose�rst three terms are 5, 1
2,

and 1
20.

1
2

� 5 =
1
20

�
1
2

=
1
10

Then r = 1
10.

If we know the �rst term in a geometricprogressionand the ratio betweensuccessive terms,
then we can work out the value of any term in the geometricprogression. The nth term is
given by

un = arn� 1

Again, a is the �rst term and r is the ratio. Remember that ar n� 1 6= (ar)n� 1.

Example 3 : Given the �rst two terms in a geometricprogressionas2 and 4, what
is the 10th term?

a = 2 r =
4
2

= 2

Then u10 = 2 � 29 = 1024.

Example 4 : Given the �rst two terms in a geometricprogressionas5 and 1
2, what

is the 7th term?
a = 5 r =

1
10

Then

u7 = 5 � (
1
10

)7� 1

=
5

1000000
= 0:000005
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A geometric seriesis a geometric progressionwith plus signs between the terms instead of
commas.So an exampleof a geometricseriesis

1 +
1
10

+
1

100
+

1
1000

+ � � �

We can take the sum of the �rst n terms of a geometricseriesand this is denotedby Sn :

Sn =
a(1 � r n)

1 � r

Example 5 : Given the �rst two terms of a geometricprogressionas2 and 4, what
is the sum of the �rst 10 terms? We know that a = 2 and r = 2. Then

S10 =
2(1 � 210)

1 � 2
= 2046

Example 6 : Given the �rst two terms of a geometricprogressionas5 and 1
2, what

is the sum of the �rst 7 terms? We know that a = 5 and r = 1
10. Then

S7 =
5(1 � 1

10
7)

1 � 1
10

= 5
1 � 1

107

9
10

= 5:555555

In certain cases,the sum of the terms in a geometricprogressionhasa limit (note that this is
summing together an in�nite number of terms). A serieslike this has a limit partly because
each successive term we are adding is smallerand smaller (but this fact in itself is not enough
to say that the limiting sum exists). When the sum of a geometricserieshas a limit we say
that S1 exists and we can �nd the limit of the sum. For more information on limits, see
worksheet3.7. The condition that S1 exists is that r is greater than � 1 but lessthan 1, i.e.
jr j < 1. If this is the case,then we can usethe formula for Sn above and let n grow arbitrarily
big so that r n becomesas closeas we like to zero. Then

S1 = a
1� r

is the limit of the geometricprogressionso long as � 1 < r < 1.
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Example 7 : The geometricprogressionwhose�rst two terms are 2 and 4 doesnot
have a S1 becauser = 2 6< 1.

Example 8 : For the geometricprogressionwhose�rst two terms are 5 and 1
2 , �nd

S1 . Note that r = 1
10 so jr j < 1, so that S1 exists. Now

S1 =
a

1 � r

=
5

1 � 1
10

= 5
5
9

So the sum of 5 + 1
2 + 1

20 + 1
200 + : : : is 55

9

Example 9 : Considera geometricprogressionwhose�rst three terms are 12, � 6
and 3. Notice that r = � 1

2 . Find both S8 and S1 .

S8 =
a(1 � r n)

1 � r

=
12(1� (� 1

2)8)

1 � (� 1
2)

� 7:967

S1 =
a

1 � r

=
12

1 � (� 1
2)

=
12
3=2

= 8

Exercises:

1. Find the term indicated for each of the geometricprogressions.

(a) 1, 3, 9, : : :, (u9)

(b) 4, � 8, 16, : : :, (u10)

(c) 18, � 6, 2, : : :, (u12)

(d) 1000,100,10, : : :, (u7)

(e) 32, � 8, 2, : : :, (u14)

(f ) � 0:005, � 0:05, � 0:5, : : :, (u10)

(g) � 6, � 12, � 24, : : :, (u6)

(h) 1:4, 0:7, 0:35, : : :, (u5)

(i) 68, � 34, 17, : : :, (u9)

(j) 8, 2, 1
2, : : :, (u11)
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2. Find the sum indicated for each of the following geometricseries

(a) 6 + 9 + 13:5 + � � � (S10)

(b) 18� 9 + 4:5 + � � � (S12)

(c) 6 + 3 + 3
2 + � � � (S10)

(d) 6000+ 600+ 60+ � � � (S20)

(e) 80� 20+ 5 + � � � (S9)
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Exercisesfor Worksheet3.6

1. For each of the following progressions,determinewhether it is arithmetic, geometric,or
neither:

(a) 5, 9, 13, 17, : : :

(b) 1, � 2, 4, � 8, : : :

(c) 1, 1, 2, 3, 5, 8, 13, 21, : : :

(d) 81, � 9, 3, 1
3, : : :

(e) 512,474,436,398, : : :

2. Find the sixth and twentieth terms, and the sum of the �rst 10 terms of each of the
following sequences:

(a) � 15, � 9, � 3, : : :

(b) log7, log14, log28, : : :

(c) 1
16, 1

8 , 1
4 , : : :

(d) 0.5, 0.45,0.405,: : :

(e) 64,� 32,16,: : :

3. (a) The third and eighth terms of an AP are 470 and 380 respectively. Find the �rst
term and the commondi�erence. Hint: write expressionsfor u3 and u8 and solve
simultaneously.

(b) Find the sum to 5 terms of the geometricprogressionwhose�rst term is 54 and
fourth term is 2.

(c) Find the secondterm of a geometricprogressionwhosethird term is 9
4 and sixth

term is � 16
81.

(d) Find the sum to n terms of an arithmetic progressionwhosefourth and �fth terms
are 13 and 15.

4. (a) A university lecturer has an annual salary of $40,000.If this increasesby 2% each
year, how much will shehave grossedin total after 10 years?

(b) A bob of a pendulum swings through an arc of 50 cm on its �rst swing. Each
successive swing is 90%of the length of the previousswing. Find the total distance
the bob travels beforecoming to rest.
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Worksheet3.7 Continuity andLimits

Section1 Limits

Limits were mentioned without very much explanation in the previous worksheet. We will
now take a closer look at limits and, in particular, the limits of functions. Limits are very
important in maths, but more speci�cally in calculus.

To begin with, we will look at two geometricprogressions:

1. 2; 4; 8; 16; : : :
2. 5; 1

2 ; 1
20; 1

200; : : :

In the �rst geometricprogression,successive terms get larger and larger as we go along the
list. Recall from the last worksheetthat the nth term for this geometricprogressionis

un = 2 � 2n� 1

As n increases,un gets larger and larger, and we can make un as large aswe wish by taking a
suitable value for n. The secondgeometricprogressionalso has in�nitely many terms, but in
this casethe terms are getting smaller and smaller as the list goeson. The nth term for this
geometricprogressionis

un = 5(
1
10

)n� 1

Sou10, say, is

u10 = 5(
1
10

)10� 1

=
5

109

= 0:000000005

which is very small. Indeed,aswe take n larger and larger, the terms seemto be getting nearer
to zero. We can make the nth term as closeas we like to zero by taking a suitably large n.
Note that, even though the terms are getting nearer to zero, they will never actually equal
zero,no matter how large we make n. But what we do say is that the limit of the geometric
progressionis zeroand we write this as

lim
n!1

5
10n� 1

= 0

We read this statement as follows: the limit as n tends to 1 of 5
10n � 1 is zero. In the �rst

geometricprogressionthat we looked at, wherethe terms got biggerand biggerasn increased,
we say that that geometricprogressionhasno limit.
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We can �nd the limit of a function f (x) asx ! 1 . For a given function, we will look at what
happensasx takeson larger and larger valuesand work out a generaltrend. Let's look at the
function

f (x) =
1
x

For large valuesof x, f (x) is very small. As x gets larger, f (x) ! 0, sowe can say that

lim
x!1

1
x

= 0

even though there is no x such that f (x) = 0. Now we investigatef (x) = 1
x as x ! 0. So we

are trying to �nd

lim
x! 0

1
x

We takesvaluesof x closerand closerto zeroand seewhat happens.

f (1) = 1

f (0:01) = 100

f (0:00001) = 100000

It appearsthat f (x) is getting bigger and bigger as x ! 0. Therefore

lim
x! 0

1
x

doesnot exist

Notice that f (x) = 1
x is not actually de�ned at x = 0 as we are not allowed to divide by zero.

Instead of approaching zeroby starting at 1 and getting smaller, what happensif we start at
x = � 1 and approach zero from there?

f (� 1) = � 1

f (� 0:01) = � 100

f (� 0:00001) = � 100; 000

Again, the limit does not exist, but now f (x) gets further away from zero in the negative
direction as x getscloserto zero. When looking at the limit of a function as it tends to some
�nite value, it is important to check valuesof x on both sidesof the value you are looking at.

Example 1 : If f (x) = 1 � 2x �nd

lim
x! 0

f (x)

We try a few values:

f (0:01) = :98

f (� 0:01) = 1:02

f (0:0001) = :9998

f (� 0:0001) = 1:0002
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Theseseemto be getting closerto 1 as x ! 0, and if we evaluate the function at
x = 0 we get f (0) = 1. This is a convenient check, but remember that limits are
actually looking at what happensto a function asx approachesa certain point.

Example 2 : Evaluate limx! 3(5x + 2). It is easyto seethat as x ! 3 (from both
directions) that f (x) approaches17.

Example 3 : Evaluate

lim
x! 5

x2 � 25
x � 5

The function as written is not de�ned at x = 5 sinceputting x = 5 would give us
a zerodenominator, but we can factorize the numerator to give

lim
x! 5

x2 � 25
x � 5

= lim
x! 5

(x + 5)(x � 5)
x � 5

= lim
x! 5

(x + 5)

= 10

The step where we divide the numerator and denominator by x � 5 is only valid
for x 6= 5, but the point of limits is to look at what is happening closeto 5, not
actually at 5.

Example 4 :

lim
x! 0

x3 + 2x2

x2
= lim

x! 0

x2(x + 2)
x2

= lim
x! 0

x + 2

= 2

Sometimeswe are asked to �nd the limit as x ! 1 of a function, and it is unclear what the
limit is. For instance,in the caseof

f (x) =
3x2 + x + 2
2x2 + 3x + 1

we can't cancelany factors or simplify the expression.Sinceboth the numerator and denomi-
nator get large as x gets large, it is not clear whether f (x) gets large or not. We now discuss
two methods that we can useto �nd the limit in caseslike this.
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Method A

We can divide the numerator and the denominator by the highest power of x in the denomi-
nator.

lim
x!1

f (x) = lim
x!1

3x2 + x + 2
2x2 + 3x + 1

= lim
x!1

3 + 1
x + 2

x2

2 + 3
x + 1

x2

=
3
2

The �rst step is to divide every term in both the numerator and the denominator by x2. The
second,and last, step follows becauseall terms except the 3 on top and the 2 on the bottom
approach 0 as x approaches1 .

Method B

Recall that as x ! 1 then 1
x ! 0, and as x ! 0 then 1

x ! 1 . Then

lim
x!1

f (x) = lim
x! 0

f (
1
x

)

To �nd the limit asx ! 1 of f (x), we can equivalently look at x ! 0 of f ( 1
x ).

lim
x!1

3x2 + x + 2
2x2 + 3x + 1

= lim
x! 0

3 1
x2 + 1

x + 2

2 1
x2 + 31

x + 1

= lim
x! 0

3+ x+2 x2

x2

2+3 x+ x2

x2

=
3
2

Exercises:

1. Find the following limits, if they exist.

(a) lim
x! 3

(4x + 1)

(b) lim
x! 2

x2 � 4
x � 2

(c) lim
x!1

4x2 � 2x + 7
3x2 + 6x � 5

(d) lim
x! 0

6
x

(e) lim
x!� 3

x2 + 5x + 6
2x + 6

(f ) lim
x! 1

x2 + 3
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(g) lim
x! 0

x + 2
x2

(h) lim
x! 6

3x � 18
x2 � 36

(i) lim
x!1

2x + 1

(j) lim
x!1

1
x

� 4

Section2 Continuity

Limits help to sketch the graphsof functions on the x � y plane. They tell how the function
behavesas it gets closeto certain valuesof x and what value the function tends to as x gets
large, both positively and negatively.

If the limit of a function does not exist at a certain �nite value of x, then the function is
discontinuous at that point.

Example 1 : Given that f (x) = 1
x , we know that limx!1 f (x) = 0 and that

limx! 0 f (x) doesnot exist. The function f (x) is not de�ned at x = 0.

The graph of y = f (x) is drawn below:

-�

6

?

y

x

6

-

?

�

f (x) = 1
x

For a function to be continuousat x = c we needthree conditions to be met.

1. f (x) must be de�ned at x = c

2. limx! c f (x) must exist

3. f (c) must equal limx! c f (x)

Note that f (x) = 1
x is not continuous at x = 0 becausef (0) is not de�ned; neither does

limx! 0 f (x) exist.
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When asked to test for continuity, the �rst thing that we check for is whether or not the
function is de�ned at the point in question. Then we can check the limit of the function as x
tends to that value. Finally, we would check that f (c) = lim x! c f (x).

Example 2 : We de�ne f (x) as

f (x) =
�

x2+9
2 when x 6= 0
5 when x = 0

Is the function continuousat x = 0? The function is de�ned at zero: f (0) = 5.

lim
x! 0

x2 + 9
2

= 4
1
2

Notice that we are looking at valuescloseto zero,but not actually zero,sowe use
the appropriate part of the function. The limit exists as x ! 0. But

lim
x! 0

x2 + 9
2

= 4
1
2

6= f (0)

Thereforethe function is not continuousat x = 0. The graph of y = f (x) is drawn
below:

-�

6

?

y

x

��
I �

In general, for simple functions, there is a rule of thumb that says that if you can draw the
graph of the function without lifting your pen from the paper, then the function is almost
certainly continuous for thosevaluesof x.

Example 3 : The function f (x) = 3
x+1 is not continuous at x = � 1 sinceit is not

de�ned at x = � 1.

Example 4 : The function f (x) = 5x
x2+4 x+3 = 5x

(x+3)( x+1) is not continuousat x = � 1
and x = � 3 sinceit is not de�ned at thosevalues.

Example 5 : The function

f (x) =
�

� 1 when x < 0
1 when x � 0
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is de�ned for all valuesof x, but limx! 0 f (x) doesnot exist, sinceif we take values
of x closeto zeroon the negative sidewe get -1, but if we take valuesof x closeto
zeroon the positive sidewe get +1. Thereforef (x) is discontinuous at x = 0.

-�

6

?

y

x

1

� 1

�

�

-

�

Exercises:

1. Which of the following limits exist? If they exist, evaluate them.

(a) lim
x! 2

3
x � 2

(b) lim
x! 4

x + 4
2

(c) lim
x! 0

x2 + 3x
2x

(d) lim
x!1

x2 + 6x + 8
5x2 + 4

(e) lim
x! 0

6
x
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Exercisesfor Worksheet3.7

1. Evaluate the following:

(a) limx! 3(2x + 4)

(b) limx! 3
x2 � 9
x� 3

(c) limx! 3
1
x

(d) limx! 3
3x2 � 2x+4

4x2 � 7

(e) limx! 3
(2x� 6)(x+3)p

x2 � 9

2. Which of the following are continuousat x = 1?

(a) f (x) =
�

5 x = 1
2x + 3 x 6= 1

(b) f (x) =
�

4x x = 1
2x2 � 2
x� 1 x 6= 1

(c) f (x) =
�

0 x = 1
x� 1p
1� x x 6= 1

(d) f (x) =
�

2x � 3 x = 1
2x � 3 x 6= 1

(e) f (x) =
�

x � 3 x � 1
x2 � 4x + 3 x > 1
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Worksheet3.8 Introductionto Di�erentiation

Section1 Definition of Differentia tion

Di�eren tiation is a processof looking at the way a function changesfrom onepoint to another.
Given any function we may needto �nd out what it looks like when graphed. Di�eren tiation
tells us about the slope (or rise over run, or gradient, depending on the tendenciesof your
favourite teacher). As an introduction to di�erentiation we will �rst look at how the derivative
of a function is found and seethe connection between the derivative and the slope of the
function.

x x+h

f(x)

f(x+h)

f(x+h) - f(x)

h

Given the function f (x), we are interested in �nding an approximation of the slope of the
function at a particular valueof x. If we take two points on the graph of the function which are
very closeto each other andcalculatethe slopeof the line joining them wewill beapproximating
the slope of f (x) betweenthe two points. Our x-valuesare x and x + h, whereh is somesmall
number. The y-valuescorresponding to x and x + h are f (x) and f (x + h). The slope m of
the line betweenthe two points is given by

m =
y2 � y1

x2 � x1

where (x1; y1) and (x2; y2) are the two points. In our case,we have the two points (x; f (x))
and (x + h; f (x + h)). So the slope of the line joining them is given by

m =
f (x + h) � f (x)

x + h � x

=
f (x + h) � f (x)

h

Example 1 : Let f (x) = x3. Find the slope of the line joining (x; f (x)) and
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(x + h; f (x + h)). From our de�nitions,

m =
f (x + h) � f (x)

h

=
(x + h)3 � x3

h

=
x3 + 3x2h + 3xh2 + h3 � x3

h
= 3x2 + 3xh + h2

Example 2 : Let f (x) = 2x + 5. Find the slope of the line joining the points
(1; f (1)) and (1:01; f (1:01)).

m =
f (1:01) � f (1)

1:01� 1

=
7:02� 7

0:01

=
0:02
0:01

= 2

as expectedsincethe gradient of y = 2x + 5 is 2.

Example 3 : Let f (x) = x2. Find the slope of the line joining (x; f (x)) and
(x + h; f (x + h)) if h = 0:1 and x = 1.

m =
f (x + h) � f (x)

h

=
f (1 + 0:1) � f (1)

0:1

=
f (1:1) � f (1)

0:1

=
(1:1)2 � (1)2

0:1

=
0:21
0:1

= 2:1

The smaller that h getsto zero,the closerx and x + h get to each other, and consequently the
better m approximates the slope of the function at the point (x; f (x)). So we look at what
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happenswhen we take the limit as h ! 0 in the slope formula and we call this the derivative
f 0(x). So

f 0(x) = lim
h! 0

f (x + h) � f (x)
h

Notice that f 0(x) is the derivativeonly if the limit exists. If the limit doesnot exist at particular
x-valuesthen we say that the function is not di�erentiable at thosex-values.

Example 4 : Find the derivative of f (x) = x2 + 3.

f 0(x) = lim
h! 0

f (x + h) � f (x)
h

= lim
h! 0

(x + h)2 + 3 � (x2 + 3)
h

= lim
h! 0

x2 + 2xh + h2 + 3 � x2 � 3
h

= lim
h! 0

2xh + h2

h
= lim

h! 0
(2x + h)

= 2x

Note: There are other notations for the derivative of a function in x. The most commonare
f 0(x) and df

dx . If y = f (x), we alsousey0 = f 0(x) or dy
dx to refer to the derivative.

Example 5 : Find the derivative of the function f (x) = 2x + 5 at x = 1.

f (x + h) = 2(x + h) + 5

f 0(x) = lim
h! 0

f (x + h) � f (x)
h

f 0(1) = lim
h! 0

f (1 + h) � f (1)
h

= lim
h! 0

2(1+ h) + 5 � 7
h

= lim
h! 0

2h
h

= lim
h! 0

2

= 2

Example 6 : Find the derivative of y = jxj at x = 0.

f 0(x) = lim
h! 0

f (x + h) � f (x)
h
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f 0(0) = lim
h! 0

j0 + hj � j0j
h

= lim
h! 0

jhj
h

Recall that

jhj =
�

h when h � 0
� h when h < 0

The absolute-value sign prevents us from simply canceling. Let's look at what jhj
h

equals.h could be very small and negative, in which casef 0(0) = � 1. Or it could
be very small and positive, in which casef 0(0) = 1. That is

if h < 0, then f 0(0) = � 1
if h > 0, then f 0(0) = 1

So the limit does not exist as h ! 0 sincewe get a di�erent value for the limit
depending upon whether or not we are closeto zero on the negative side or the
positive side. Thereforethe derivative of f (x) = jxj doesnot exist at x = 0.

Look at the graph of y = x .

-�

6

?
�

�
�3

Q
Q

Qk

y

x

The pointed part at x = 0 shows a rapid and abrupt changeof slope. Functions that have
sharp points on their graphsdo not have derivativesat thesepoints, although they may have
a derivative everywhereelse. The function f (x) = jxj is not di�erentiable at x = 0, although
it is continuous there.

Exercises:

1. Using the method outlined above, �nd f 0(x) for each of the following functions. That is,
use

f 0(x) = lim
h! 0

f (x + h) � f (x)
h

(a) f (x) = x2 + 2

(b) f (x) = 3x � 5

(c) f (x) = 3 � x2

(d) f (x) = 4x + 5

(e) f (x) = 2 � x
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Section2 Pol ynomial Differentia tion

Having looked at the generalway of �nding the derivative of a function, we can now look
at those functions for which we already have derivatives and give somesimple rules. From
thesewe will be able to determine the derivativesof similar functions. Notice that if we take
f (x) = c, wherec is a constant, we get

f 0(x) = lim
h! 0

f (x + h) � f (x)
h

= lim
h! 0

c � c
h

= lim
h! 0

0
h

= 0

The last line is true as 0
h = 0 for any h except h = 0 and limits are about what happens

as h gets closerand closerto zero, without actually reaching zero. So for f (x) = c we have
f 0(x) = 0. This is logical sincea line such as y = 2 which is parallel to the x-axis has a slope
of zero.

Now considerf (x) = ax. Then

f 0(x) = lim
h! 0

f (x + h) � f (x)
h

= lim
h! 0

ax + ah � ax
h

= lim
h! 0

ah
h

= a

So if f (x) = ax we get f 0(x) = a for any x. Thinking back to worksheet2.10wherewe looked
at the function y = mx + b, we found that m, the coe�cien t of x, is the slope of the line. So
it makessensethat the derivative of f (x) = ax is a.

Now considerf (x) = bx2. Then

f 0(x) = lim
h! 0

f (x + h) � f (x)
h

= lim
h! 0

b(x + h)2 � bx2

h

= lim
h! 0

2bxh + bh2

h
= lim

h! 0
(2bx+ bh)

= 2bx
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So if f (x) = bx2 we get f 0(x) = 2bx for any x. We could carry on for higher powers of x and
notice the pattern that if

f (x) = cxn

then f 0(x) = ncxn� 1

Furthermore, if we have a sum of functions, it can be shown that the derivative of the sum
is the sum of the derivatives. This meansthat if f (x) is a sum of terms that each look like
cxn (in other words, a polynomial) you can usethe above rule for each term to determinethe
derivative of the function.

Example 1 : Let g(x) = x2 + 3x + 2. Then

g0(x) = 2x + 3 + 0

= 2x + 3

Example 2 : Find the derivative of f (x) = 5x3 + 3x2 + 22.

f 0(x) = 5 � 3x2 + 3 � 2x1 + 0

= 15x2 + 6x

Example 3 : Find the derivative of h(x) = 1 + 1
x = 1 + x � 1.

h0(x) = 0 + � 1 � x � 2

= �
1
x2

Example 4 : Given f (x) = 6x2 � 4x + 1, �nd f 0(2).

First �nd f 0(x), then �nd f 0(2).

f 0(x) = 12x � 4

f 0(2) = 12� 2 � 4

= 20

Example 5 : Given f (x) = x3 � 2x2 + 5, �nd f 0(� 1).

First �nd f 0(x), then �nd f 0(� 1).

f 0(x) = 3x2 � 4x

f 0(� 1) = 3(� 1)2 � 4(� 1)

= 7
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Exercises:

1. Find the derivative of each of the following functions

(a) x2

(b) 3x2 + 4x

(c) x3 � 6x

(d) 6x2 � 2x + 3

(e) 1
x + 4x

(f ) 3x2 � x + 2

(g) x5 + 4x3 � 7x

(h) 4
x � x2

(i) 4x5 + 6x3

(j) x7 + 4x5

2. (a) If f (x) = 2x3 � 4x, �nd f 0(3).

(b) If f (x) = 7x2 � 2, �nd f 0(� 4).

(c) If f (x) = 5 � 3x2, �nd f 0(1).

(d) If f (x) = 6x + 7, �nd f 0(12).

(e) If f (x) = 4x3 � 2x2 + 4x, �nd f 0(5).

Section3 St ationar y points

Recall that di�erentiation tells us about the slope of a function at any point on the graph
wherethe function is de�ned. If f 0(5) = 3 then, for the function f , we know that the slope of
the function at x = 5 is 3. If we know the equation of a function, then we could evaluate the
slope at various x-values. There are particular points on a graph which are of special interest.
Theseare called stationary points. At a stationary point, the gradient of the function is zero.
The stationary points areof interest to usbecausethey help us to draw the graph of a function.
There are three di�erent typesof stationary points:

1. Minimum points

2. Maximum points

3. Horizontal points of in
ection

All typesof stationary points have the property that the derivative is zero.
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Minimum points occur when the graph reachesa local minimum, and hasa shape like this:

I �

The gradient changesfrom negative to zero to positive. We call this concave up, becausethe
cup opensupwards. A maximum occurswhen the graph looks like this:

	 R

We call this concave down. The gradient changesfrom positive to zero to negative.

The third type of stationary point, a horizontal point of in
ection, occurswhen the concavit y
changesfrom up to down or from down to up. They look like:

?

6

+

0

+
6

?

-

0

-

The slope of a horizontal point of in
ection momentarily goesto zerowherethe curve changes
concavit y. On either side of the point of in
ection, the gradient has the samesign, i.e. if the
gradient is negative on onesideof the point of in
ection, then it is negative on the other side.
Conversely, for a stationary point that is either a minimum or a maximum, the gradient is
negative on onesideof the point and positive on the other.

Using this information, we can determinewhat typesof stationary points occur on a graph.

Example 1 : Find the slope of the function f (x) = x3 + 3 at x = 1 and x = 0.

f 0(x) = 3x2 + 0

= 3x2

The slope of the function f at x = 1 is the value of the derivative at x = 1. So
f 0(1) = 3(1)2 = 3. The slope of the function f (x) = x3 + 3 at x = 1 is 3.

The slope at x = 0 is found in the sameway. f 0(0) = 3(0)2 = 0. The slope at
x = 0 is 0 so there must be a stationary point at x = 0.
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Example 2 : Find all the stationary points of g(x) = x2 + 2x + 2.

We have g0(x) = 2x + 2. Stationary points occur when g0 = 0. Sowe must �nd all
x for which this is true, i.e. we needto solve the equation

2x + 2 = 0

The only solution for this is x = � 1, so x = � 1 is the x-value of the stationary
point. To �nd the other coordinate, we put x = � 1 in the original function:

g(� 1) = (� 1)2 + 2(� 1) + 2 = 1

The only stationary point is (� 1; 1). To seewhat kind of stationary point it is we
needto seewhat the slope is on either side of the stationary point. Now, � 1 + h
is on the right sideof � 1 for h small and positive, and on the left sideof � 1 for h
small and negative. The slope at � 1 + h is

g0(� 1 + h) = 2(� 1 + h) + 2

= � 2 + 2h + 2

= 2h

This is positive for h positive, and negative for h negative. This meansthat the
stationary point is a local minimum.

Example 3 : Find the stationary points of the function f (x) = x3 + 3x2 + 5.

We calculate f 0(x) and �nd all the x-valuesthat satisfy f 0(x) = 0.

f 0(x) = 3x2 + 6x = 3x(x + 2) = 0

This equation has the solutions x = 0 and x = � 2. And f (0) = 5, f (� 2) = 9. So
there are two stationary points: (0; 5) and (� 2; 9).

Remember that the derivative at any value of x gives you the slope of the function at that
value of x.

Example 4 : Given f (x) = 3x2 + 2x + 1, �nd f 0(� 3).

First �nd f 0(x), then �nd f 0(� 3).

f 0(x) = 6x + 2

f 0(� 1) = 6(� 3) + 2)

= � 16
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Example 5 : Given f (x) = 4x2 � 5x + 7, �nd the value of x for which f 0(x) = 11.

First �nd f 0(x), then solve f 0(x) = 11.

f 0(x) = 8x � 5

11 = 8x � 5

x = 2

When x = 2 the slope of the function is 11.

Exercises:

1. Given f (x) = � 2x2 + 6x � 4

(a) �nd x for which f 0(x) = 20

(b) �nd f 0(2)

2. Find the stationary points for each of the following functions and state whether they are
a maximum, minimum, or a point of in
ection.

(a) f (x) = x2 + 6x + 8

(b) f (x) = � x2 � 2x + 15

(c) f (x) = x3 + 2

Section4 Sketching Graphs

We can use information that we get from derivatives to help sketch graphs of functions. If
we can determinethe x- and y-interceptsof a function together with the stationary points we
can determineroughly what the function looks like. The other bit of information we can �nd
useful is what happensto the function as x approachespositive or negative in�nit y.

Example 1 : Usethe derivativesto help sketch f (x) = x3 + 3x2 + 5.

As determined in the previous section, f 0(x) = 3x2 + 6x, and f has the two sta-
tionary points (0; 5) and (� 2; 9). Now we should determine the changesof slope
on either sideof both thesepoints. Look at the x-value 0+ h, which is to the right
of 0 if h is small and positive, and to the left of 0 if h is small and negative. We
have f 0(0 + h) = f 0(h) = 3(h)2 + 6(h) = 3h2 + 6h. This is positive if h is small and
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positive, and negative if h is small and negative. The slope is positive to the right
and negative to the left. Then (0; 5) is a minimum turning point.

Repeating the processfor x = � 2, we get

f 0(� 2 + h) = 3(� 2 + h)2 + 6(� 2 + h)

= � 6h + 3h2

= 3h(h � 2)

This is negative if h is small and positive, but positive if h is small and negative.
The slope is positive to the left of � 2 , and negative to the right of � 2. Then
(� 2; 9) is a local maximum.

In addition, asx ! 1 , f (x) ! 1 , and as x ! �1 , f (x) ! �1 .

So the graph looks like:
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Example 2 : Sketch the graph of f (x) = x3 + 3.

We �rst solve
f 0(x) = 3x2 = 0

This has the solution x = 0. So the critical point is (0; 3). What happenseither
sideof x = 0?

f 0(0 + h) = 3h2

This is positive for positiveor negativeh, sowehavea horizontal point of in
ection.
The slope to the left and right of x = 0 is positive. The graph looks like:
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Exercises:

1. Sketch the following graphsusing the processoutlined in section4.

(a) f (x) = x2 + 4x + 3

(b) f (x) = x3 � 1

(c) f (x) = 2x3 � 3x2 � 36x + 18

(d) f (x) = � x2 � 2x + 15

(e) f (x) = x2 � 2x � 24
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Exercisesfor Worksheet3.8

1. Using the de�nition

f 0(x) =
df (x)

dx
= lim

h! 0

f (x + h) � f (x)
h

evaluate the derivative of the functions given.

(a) f (x) = 2x + 3

(b) f (x) = x2 � 2x + 1

(c) f (x) = x3

2. Using the rule d xn

dx = nxn� 1, di�erentiate the following functions with respect to x.

(a) x2 + 6x + 83

(b) 7x3 � 5x2 + 9x

(c)
p

x + 8x

(d) 3x � 2 + x � 1

(e) 1
x2 + 1

x + 6x (Hint: rewrite 1
x2 asx � 2.)

3. (a) Sketch the function f (x) = 2x3 � 3x2 � 12x, labelling the y-intercepts and the
stationary points.

(b) The air temperature T (degreesCelsius)asa function of height s (kilometres) above
sealevel is measuredby a scientist in a hot-air balloon. The function is given by
T = 20� 3s. Find T0(s) and give an interpretation of your answer.
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Worksheet3.9 Further Di�erentiation

Section1 Discriminant

Recall that the expressionax2 + bx+ c is calleda quadratic, or a polynomial of degree2. The
graph of a quadratic is called a parabola, and looks like oneof the following:

-�

6

?

O �

-�

6

?

 N

They are symmetrical about a stationary point which is either a local minimum or maximum.
Parabolasdo not have points of in
ection. In the quadratic y = ax2 + bx+ c, if the co-e�cient
of x2 is greater than zero, the parabola is concave up; if a is negative, the parabola is concave
down. The option a = 0 is precludedas this would result in a linear polynomial which is a
straight line when graphed.

The quadratic formula found by solvingax2 + bx+ c = 0 is given by x =
� b�

p
b2 � 4ac

2a
. The

value under the squareroot sign, b2 � 4ac, is called the discriminant, and we denote this by
�. We can tell quite a lot about the curve y = ax2 + bx + c just by evaluating � = b2 � 4ac.

If � > 0 then the graph will cut the x-axis in two
places,i.e. there are two x-intercepts.

If � = 0 the graph will touch the x-axis in oneplace
only.

If � < 0 the graphwill sit wholly aboveor below the
x-axis depending on the sign of a. There
are no x-intercepts.

Usingthis information and the information gainedfrom the derivative, wecansketch the graph
of any quadratic.

Example 1 : Sketch the graph of y = x2 + 3x + 2. We have a = 1; b = 3, and
c = 2. Sincea > 0, the stationary point is a minimum. Further, b2 � 4ac > 0
so there are two x-intercepts, which are found in this casethrough factorization:
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x2 + 3x + 2 = (x + 2)(x + 1). So y = 0 when (x + 2)(x + 1) = 0, or when x = � 1
or � 2. We �nd wherethe stationary point is by setting dy

dx = 0. This gives

dy
dx

= 2x + 3 = 0

which has the solution x = � 3
2. When x = � 3

2 ,

y = (�
3
2

)2 + 3(�
3
2

) + 2 = �
1
4

The stationary point is at (� 3
2 ; � 1

4). When x = 0, y = 2, so the y-intercept
is 2. With all this information at our disposal, we can now draw the graph of
y = x2 + 3x + 2:
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Example 2 : Sketch y = � 2 + x � x2. This can be rewritten as y = � x2 + x � 2
so that a = � 1, b = 1, and c = � 2. We have a < 0 so the stationary point is a
maximum. We �nd the x-coordinate of the stationary point by setting dy

dx = 0.

dy
dx

= � 2x + 1 = 0

which has the solution x = 1
2, and the corresponding y value is

y = � (
1
2

)2 +
1
2

� 2 = �
7
4

The stationary point has the coordinates ( 1
2; � 7

4). The discriminant is b2 � 4ac =
� 7 < 0 so there are no x-intercepts. The y-intercept is given when x = 0, so
y = � 2. The graph of y = � 2 + x � x2 then looks like:
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Exercises:

1. Sketch the graph of each of the following using the method studied in section1.

(a) y = x2 + 7x + 12

(b) y = � x2 + x + 6

(c) y = x2 + 4x + 5

(d) y = x2 � 16

(e) y = 2x2 � 5x � 3

Section2 Second Deriv atives

Recall from the last worksheetthe discussionon concavit y. To determinewhether a stationary
point was a maximum, minimum, or a point of in
ection, we looked at the changesin slope
as we moved from onesideof the stationary point to the other. There is an easiermethod of
determining the concavit y of a graph at any point (not just a critical point). The method is
basedupon the notion that concavit y is a measureof the changeof a slope.

As we viewed the derivative asa measurein the changeof the height of a function we can view
the derivative of the derivative as a changein the slope of the graph. The derivative of the
derivative is called the secondderivative, and it is denotedby oneof the following:

f 00(x); y00;
d2y
dx2

; or D 2(f )

depending on how the function is de�ned.

Example 1 : Find the secondderivative of y = 5x2 + 3.

dy
dx

= 10x

d2y
dx2

= 10

So the secondderivative of y = 5x2 + 3 is 10.

Example 2 : Find the secondderivative of f (x) = x3 + 3x2 + 2x.

f 0(x) = 3x2 + 6x + 2

f 00(x) = 6x + 6
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The secondderivative is a help with curve sketching asit tells about the concavit y of the graph
at any point - this is most useful at critical points.

If f 00(x) = 0, the concavit y is changing, so that the critical point is a point of in
ection.

If f 00(x) > 0, then the graph is concave up at x.

If f 00(x) < 0, then the graph is concave down at x.

This means

(1) If f 0(x) = 0 and f 00(x) > 0 there is a minimum turning point at x.

(2) If f 0(x) = 0 and f 00(x) < 0 there is a maximum turning point at x.

Example 3 : For the function f (x) = x3 + 3x2 + 3x, �nd the stationary points and
describe their important characteristics. We �rst �nd the solutionsof f 0(x) = 0.

f 0(x) = 3x2 + 6x + 3

= 3(x2 + 2x + 1)

= 3(x + 1)(x + 1)

= 0

which has the solution x = � 1. Also f (� 1) = (� 1)3 + 3(� 1)2 + 3(� 1) = � 1. So
the critical point is at (� 1; � 1). Now,

f 00(x) = 6x + 6

At x = � 1, f 00(� 1) = 6(� 1) + 6 = 0. Therefore the concavit y is changing at
x = � 1, so the point (� 1; � 1) is a point of in
ection.

Example 4 : Find the stationary points of the function f (x) = x4 � x2 + 1, and
describe their properties. We �rst �nd solutionsof f 0(x) = 0.

f 0(x) = 4x3 � 2x

= 2x(2x2 � 1)

When f 0(x) = 0, 2x(2x2 � 1) = 0 which has the solutions x = 0 and x = � 1p
2
.

Theseare the x-coordinatesof the critical points. The secondderivative is f 00(x) =
12x2 � 2.

At x = 0, f 00(0) = � 2 < 0 so at x = 0 we have a local maximum.

At x = 1p
2
, f 00( 1p

2
) = 4 > 0 so at x = 0 we have a local minimum.

At x = � 1p
2
, f 00(� 1p

2
) = 4 > 0 so at x = 0 we have a local minimum.
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Exercises:

1. Find the stationary points of each of the following and describe their important charac-
teristics.

(a) f (x) = x3 � 12x � 4

(b) f (x) = 2x4 � x + 6

(c) f (x) = 2x3 � 4x2 + 8

(d) f (x) = x2 � 8x + 7

(e) f (x) = 6x2 + 4x � 6

Section3 Fur ther Sketching

We now have a comprehensive range of tools that help us sketch curves, especially those of
polynomial functions. Wecan�nd intercepts,examinewhat happensto the function at certain
valuesof x, �nd critical points, and �nd properties of critical points. Let's put thesetools to
use.

Example 1 : From the information in example4 in section2, sketch the function
y = f (x) = x4 � x2 + 1. The critical points were at x = 0, and at x = � 1p

2
.

At x = 0, f (0) = 1, and this is a local maximum.

At x = 1p
2
, f (x) = 3

4 and this point was a local minima.

At x = � 1p
2
, f (x) = 3

4 and this point was a local minima.

The y-intercept is (0; 1). We leave the questionof the x-intercepts for the moment.
As x ! �1 , f (x) ! 1 . From all this information, we can now draw someof
f (x) = x4 � x2 + 1:

-�

6

?

y

x1
2� 1

2

3
4

1
��@I
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Since the three critical points shown are all the critical points, there can be no
other changesin direction, so the graph can be completedas follows:

-�

6

?

y

x

1
@

@I
�

��

(� 1
2 ; 3

4 ) ( 1
2 ; 3

4 )

Example 2 : In section2, example3, we lookedat the function f (x) = x3+ 3x2+ 3x.
Sketch this function. Therewasonly onecritical point, (� 1; � 1), and it wasa point
of in
ection. The y-intercept is found by letting x = 0, which givesf (0) = 0. The
x-axis intercepts are given by the solutions to f (x) = 0:

x3 + 3x2 + 3x = x(x2 + 3x + 3) = 0

Soonesolution is x = 0. The solutions to x2 + 3x + 3 = 0 are given by

x =
� 3 �

p
9 � 12

2

=
� 3 �

p
� 3

2
which hasno real solutions. Sox = 0 is the only x-intercept. As x ! 1 , f (x) ! 1
and asx ! �1 , f (x) ! �1 . The graph of f (x) = x3 + 3x2 + 3x then looks like:

-�

6

?
�

6

1

-1

Example 3 : Sketch the function f (x) = x3 � 12x + 3.
f 0(x) = 3x2 � 12 which is zerowheneither x = 0 or x = � 2. f 00(x) = 6x. We have

f 00(0) = 0.

f 00(2) = 12 ) minimum at (2; � 13).

f 00(0) = 0 ) maximum at (� 2; 19).

There is an in
ection point at (0; 3). The graph of f (x) is shown:
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Exercises:

1. Using the method outlined in section3, sketch the following curves.

(a) f (x) = 1
3x3 + 1

2x2 � 6x + 2

(b) f (x) = � x2 � 2x + 8

(c) f (x) = x3 � 28x + 48

(d) f (x) = 1
3x3 + 6x2 + 35

(e) f (x) = x3 + 6x2 + 7
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Exercisesfor Worksheet3.9

1. For each of the following quadratic functions, �nd the sign of the discriminant to deter-
mine if there are 0,1, or 2 roots.

(a) f (x) = x2 � 5x + 6

(b) f (x) = 4x2 � x + 2

(c) f (x) = 4x2 � x � 2

(d) f (x) = 4x2 � 12x + 9

(e) f (x) = 3x2 � 5x + 3

2. For each of the following, sketch a function which satis�es the given conditions.

(a) f 0(x) > 0 and f 00(x) > 0

(b) f 0(x) > 0 and f 00(x) < 0

(c) f 0(x) < 0 and f 00(x) > 0

(d) f 0(x) < 0 and f 00(x) < 0

(e) f (2) = 4, f 0(2) = 0, f 00(x) < 0 for x < 2, and f 00(x) > 0 for x > 2.

3. (a) Sketch the function f (x) = x3 � 3x2 � 9x + 27, labelling all intercepts and critical
points. Determine the nature of the critical points.

(b) An economiststated: `Although our current account de�cit is increasing,the gov-
ernment policies to reduceit seemto be taking e�ect'. If D represents the current
account de�cit, and t represents time, what can be determinedabout dD

dt and d2D
dt2 ?
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Worksheet3.10 Di�erentiating SpecialFunctions

Section1 Exponentials

So far in the worksheets,we have only really covered the di�erentiation of polynomials. We
will needto be able to di�erentiate other functions aswell. This worksheetdealswith the rules
for di�erentiating somespecial functions. How theserules comeabout will not be shown, as
this is a bit complicatedfor �rst-y ear maths.

Recall the properties of the exponential and logarithmic functions:

if y = ex then x = loge y

We needto know the derivative of both thesefunctions, which are given by

dex

dx
= ex

and
d loge x

dx
=

1
x

Theseare rules that we needto remember - don't worry about wherethey comefrom. They
can each be slightly generalizedto:

deg(x)

dx
= g0(x)eg(x)

and
d loge k(x)

dx
=

k0(x)
k(x)

Example 1 : Find the derivative of e5x2
. We let g(x) = 5x2. Then g0(x) = 10x, and

de5x2

dx
= 10xe5x2

Notice that the function which acts as an index - in this case5x2 - is not changed
but the entire function e5x2

is multiplied by the derivative of the index.

Example 2 : If f (x) = e4x , �nd f 0(x).
f 0(x) = 4e4x .

Example 3 : Find the derivative of the function y = log(6x + 3). Let p(x) = 6x + 3.
Then p0(x) = 6 so that

d log(6x + 3)
dx

=
6

6x + 3
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Example 4 : Find the derivative of f (x) = e3x .

f 0(x) = 3e3x

Example 5 : Find the derivative of g(x) = log(2x3 + 3).

g0(x) =
6x2

2x3 + 3

Exercises:

1. Di�eren tiate the following with respect to x.

(a) e5x

(b) e� 2x

(c) e4x2

(d) e6� x

(e) e4� 2x3

(f ) log(4x + 1)

(g) log(3x2 � 2)

(h) logx3

(i) log3x � 4

(j) loge4x

Section2 Trigonometric Functions

The other special functions that you needto know how to di�erentiate are the trig functions.
The rules are:

d sinx
dx

= cosx

d cosx
dx

= � sinx

d tan x
dx

= sec2 x

Thesecan be generalizedto

d sink(x)
dx

= k0(x) cosk(x)

d cosl(x)
dx

= � l0(x) sinl(x)

d tan m(x)
dx

= m0(x) sec2 m(x)
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We will show you how to derive thesein the next worksheet. The main onesto remember are
thosefor sinx; cosx, and tan x.

Example 1 : Find the derivative of f (x) = sin3x. Then f 0(x) = 3cos3x.

Example 2 : If g(x) = cos(x2), then g0(x) = � 2x sin(x2).

Example 3 : If h(x) = tan(3x + 2), then h0(x) = 3sec2(3x + 2).

Note: The functionssin2 x and sinx2 aredi�erent functions. The notation sin2 x means(sinx)2,
and sinx2 meanssin(x2). They are both composite functions but they are not equal. Note
also that sin2 x doesnot mean sin(sinx). This notation holds for the other trig functions as
well.

Exercises:

1. Di�eren tiate the following with respect to x.

(a) sinx

(b) sin4x

(c) sin3x2

(d) cos5x

(e) cosx2

(f ) tan x

(g) tan 4x

(h) tan(6x + 1)

(i) cos(� 3x)

(j) sin(� 6x)
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Exercisesfor Worksheet3.10

1. Di�eren tiate each of the following functions:

(a) f (x) = logjxj

(b) f (x) = log(2x � 3)

(c) f (x) = logjx2 � 3x + 2j

(d) f (x) = 2ex2

(e) f (x) = � 1
3ex2+2 x� 1

(f ) f (x) = sin3x

(g) f (x) = 3cosx
2

(h) f (x) = 1
2 tan x2

(i) f (x) = logx3 � 2sin3x

(j) f (x) = � 1
2 cos2x + logj3x2 � 1j

2. (a) Absolute-value signsoften encloselogarithmic expressions.But why? Using your
calculator, completethe table below:

x 3.0 2.0 1.0 0.1 0.0 -0.1 -1.0 -2.0
ln x
ln jxj

(b) Plot ln x and ln jxj.

(c) Why might y = ln jxj be a better representation of
R

1
x dx than y = ln x?

3. (a) i. Find the slope of the function f (x) = 1 � ex at the point where it crossesthe
x-axis.

ii. Find the equation of the tangent line to the curve at this point.
iii. Find the equation of the normal at this point.

(b) The world's population in 1975wasestimatedat 4.1billion. If the rate of population
growth is 0:02, then the population P(t) in billions is given by P = 4:1e0:02t , where
t is in years.

i. Calculate the number of yearsit will take for the population to double.
ii. Find dP

dt , dP
dt

�
t=0

, and dP
dt

�
t=15

. What do thesequantities represent?
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Answersto TestThree
and

Exercisesfrom Worksheets3.1- 3.10

Answers to Test Three

1. (a) 9x2 + 2

(b) (2x + 1)2

2. (a) [� 4; 0] [ (2; 4]

(b) x = � 4

3. (a) �
3

(b) � = �
6

4. (a) � 1p
2

(b)
p

3

5. (a) k = 2

(b) u = � 4, y = � 6

6. (a) 47

(b) 10

7. (a) 10

(b) No

8. (a) 3x2 + 6x

(b) (0; 0), (� 2; 4)

9. (a) Max

(b) x = � 1
3

10. (a) 5cos(5x + 2)

(b) 3ex

Worksheet 3.1

1. (a) Output = 50+ 2� Input

(b) Output = Input � Input

(c) x := 35:74

(d) 4.75

(e) 377
9

(f ) 13

(g) � 42
3

(h) (x + h)2 � 2(x + h) + 3

(i) 6x � 2 + 3h

(j) 10:003

2. (a) i. 1
x2

ii. 1
x2

(b) i. 3(x � 3)2

ii. 3x2 � 3

(c) (2x + 1)2

(d) i. f (2) = 4

ii. f (x + h) = (x + h)2

iii. f (2x) = 4x2

iv. f (x + 1) = (x + 1)2

(e) i. f ( 1
2) = 1

2

ii. f (3 + x) = 1
2x+7

iii. f (x2) = 1
2x2+1
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3. (a) i. If the input is x then the output is
(3x + 4)2

ii. 4

(b) i. If the input is x, then the output isp
x � 2 + 5

ii. 5

(c) C = 27M

Worksheet 3.2

1. (a) (� 3; 1 )

(b) (�1 ; � 2) and [1; 2)

(c) y-intercept -3; x-intercept 3
2.

(d) y-intercept -4; x-intercepts 4 and -1.

(e)

f (� x) = (� x)3 � (� x)

= � (x3 � x)

= � f (x)

so f (x) is odd.

-�

6

?

x

y

�

�

f (x)

1� 1

2. (a) Circle

(b) Parabola

(c) Hyperbola

(d) Circle

(e) Striaght line

(f ) i. even

ii. odd

iii. neither
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Worksheet 3.3

1. (a) i. 150� ii. 240� iii. 4�
9 iv. 7�

30 = 0:733

(b) i. 1p
2

ii.
p

3
2 iii.

p
3

2. (a)
p

108 (b) �
3

3. (a)

�
�

�
�

�

�
5 km

3.6 km

(b) 35:75�

Worksheet 3.4

1. (a) 1p
2

(b) 1p
3

(c) 1p
2

(d) � 1
2

(e) 1
2

(f ) �
p

3

2. (a)
p

3+1
2
p

2

(b)
p

3+1
2
p

2

3. (a) �
3 , 4�

3

(b) �
4 , 3�

4

(c) 3�
4 , 5�

4

Worksheet 3.5

1. (a) None

(b) One

(c) In�nite

(d) One

(e) None

2. (a) x = 8, y = 13

(b) x = 11
5 ; y = 2

5

(c) x = 1
17, y = � 5

17

3. Peter is 15, Anneka is 9
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Worksheet 3.6

1. (a) Arithmetic (b) Geometric (c) Neither (d) Neither (e) Arithmetic

2. (a) T6 = 15, T20 = 99, S10 = 120

(b) T6 = log7 + 5log2, T20 = log7 + 19log2, S10 = 10
2 (2 log7 + 9log2)

(c) T6 = 2, T20 = 215, S10 = 1
16(210 � 1)

(d) T6 = (0:5)(0:9)5, T20 = (0:5)(0:9)19, S10 = 5(1 � :910)

(e) T6 = � 2, T20 = � 1
213 , S10 = 128

3 (1 + 2� 10)

3. (a) a = 506, d =
� 18

(b) 81(1� ( 1
3)5) (c) T2 = ( 9

4)3 (d) n2 + 6n

4. (a) $437,988.84 (b) 5 metres

Worksheet 3.7

1. (a) 10

(b) 6

(c) 1
3

(d) 25
29

(e) 0

2. (a) Continuous

(b) Continuous

(c) Continuous

(d) Not continuous

(e) Not continuous

Worksheet 3.8

2. (a) 2x + 6

(b) 21x2 � 10x + 9

(c) 1
2
p

x + 8

(d) � 6x � 3 � x � 2

(e) � 2
x3 � 1

x2 + 6

3. (a)

-�

6

?

y

x

	

�

(� 1; 7)
(0; 0)

(2; � 20)

� �

�
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(b) T0(s) = � 3. The temperature is dropping 3 degreesfor every km above sealevel.

Worksheet 3.9

1. (a) � > 0, 2 roots

(b) � < 0, no roots

(c) � > 0, 2 roots

(d) � = 0, 1 root

(e) � < 0, no roots

2. (a) Concave up and increasing.

. ...........................
..........................

........................
......................

.....................

.....................

......................

........................

..........................

...........................

�

6

(b) Concave down and increasing.

.

...........................

..........................

........................

......................

.....................

.....................

......................
........................

..........................
...........................

?

-

(c) Concave up and decreasing.
.

.........
..........
........

..........
..........
......

..........
..........
....

..........
...........

.

............
.........

.............
........

.................
.....

.......................
.

.......................... ...........................

6

-

(d) Concave down and decreasing.
. ........................... ..........................

.......................
.

.................
.....

.............
........

...........
..........

...........
..........

.

..........
..........
....

..........
..........
......

.........
.........
.........

�

?

(e) Changeof concavit y at (2; 4).

-

6

�

?

y

x
.

.........................

.......................

.....................

...................

................

..............
...............

................ ................ . ................... ..................
................

...............
..............

...............

................

..................

...................

?

6

2

4

3. (a) f (x) = (x � 3)2(x + 3). Interceptsat x = 3; � 3. f 0(x) = 3(x � 3)(x + 1). Stationary
points at x = 3; � 1. f 00(x) = 6x � 6. f 00(3) > 0 so there is a minimum point at
(3; 0). f 00(� 1) < 0 so there is a maximum point at (� 1; 32).

-�

6

?

y

x1 2 4� 1� 2

32




3

(b) dD
dt > 0 and d2D

dt2 < 0

101



Worksheet 3.10

1. (a) 1
x

(b) 2
2x� 3

(c) 2x� 3
x2 � 3x+2

(d) 4xex2

(e) � 1
3(2x + 2)ex2+2 x� 1

(f ) 3cos3x

(g) � 3
2 sin x

2

(h) xsec2x2

(i) 3
x � 6cos3x

(j) sin2x + 6x
3x2 � 1

2. (a)
x 3.0 2.0 1.0 0.1 0.0 -0.1 -1.0 -2.0

ln x 1.098 0.69 0 -2.3 - - - -
ln jxj 1.098 0.69 0 -2.3 - -2.3 0 0.69

(b)

-�

6

?

ln jxj

x

??

>}

-�

6

?

ln x

x

?

>

(c) g(x) = ln jxj is de�ned on the interval (�1 ; 0) and (0; 1 ), while h(x) = ln x is
de�ned on (0; 1 ) only. Sincef (x) = 1

x is de�ned on the samedomain asg(x), then
g(x) is a better representation of the integral than h(x).

3. (a) i. � 1
ii. y = � x
iii. y = x

(b) i. ln 2
0:02 � 35

ii. dP
dt = 0:082e0:02t . This represents the rate of changeof population per year (in
billions of peopleper year).
dP
dt

�
t=0

= 0:082
In 1975the population was increasingat a rate of 82 million peopleper year.
dP
dt

�
t=15

= 0:1107
In 1990the population wasincreasingat a rate of 110.7million peopleper year.
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