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Abstract. We provide a brief introductory report on our study, jointly
with Hugh Williams, of polynomially parametrised families of quadratic
number fields with explicitly computable regulator and, seemingly there-
fore, relatively small regulator. Notwithstanding that, our subject in
fact is hyperelliptic curves with torsion divisor of relatively high order.

Several years ago, Irving Kaplansky [10] told three Canadian number theorists
about his investigation of the length ¢p(v/D,,) of the period of the continued fraction
expansion of the square root v/D,, of families of discriminants

D, = Dy,(a,b,c;z) = az®™ + bx" + c; (1)

here x, a, b, ¢ are given integers and n =0, 1, 2, 3, ... .

Typically, ép(\@n) leaps upwards with n at frantic rate. On the other hand,
one does notice occasional triples a, b, ¢ so that, for some (or all) congruence classes
x modulo some appropriate modulus, €p(\/5n) is constant.

There are also triples for which €p(\/5n) increases only slowly, indeed linearly
in n. Naturally, Kap called those triples creepers, thus distinguishing them from
the generic leapers and the seemingly dull sleepers.

If only because of that fine terminology, the matter clearly warranted study.
Specifically, Kaplansky had mooted the possibility that all creepers were known,

T From the song “Jeepers, creepers. .. where’d ya get them peepers, ...” by Al Donohue, and
Johnny Mercer (recorded by Louis Armstrong, 1938). Note also the 2001 film ‘Jeepers Creepers’.
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having already been described in work of Williams [30]. We soon saw that’s not
so; there are sequences of polynomially parametrised discriminants quite different
in shape from (1) that “creep”. Not all creepers are kreepers.

It seems, at any rate experimentally, that there are no triples a, b, ¢ with inte-
gers x so that the period lengths ¢p(D,,) increase calmly, yet more excitably than
linearly. Apparently, there are no jeepers.

ASIDE: Of course period length, while fun, is not of great importance. What is significant is the
?weighted length” — weighted by the partial quotients — of the continued fraction expansion, to

wit the regulator of the number field. The point thus is that we know no polynomially parametrised
sequences of discriminants so that the regulators increase calmly, yet faster than O(n?).

Were it not that we wished to dedicate this report to Hugh Williams reaching
three score years, we would here be Hugh’s co-authors. Mind you, Hugh might well
not have chosen to be a co-author of this eccentric introduction to the subject.

Roger Patterson’s work has been variously supervised by Alf van der Poorten in
Sydney and Hugh Williams in Manitoba (and, later, in Calgary). The collaboration
between the Sydney and Canadian groups was partially supported by an Australian
Research Council International Research Exchange Grant, and by the NSERC.

A Warning. Throughout, we switch from numerical example D, (x), where
D,, is some polynomial with degree depending on n, and z is a rational integer, to
function field example Y2 = D,,(X). Tacitly, we suppose the base field to be the
rationals Q, but many of our remarks are more general; nonetheless, contrary to
common usage, when we say “function field” we rarely include congruence function
field, to wit, with some finite base field.

1 A Brief History

Presumably, “finding” creepers is a matter of detailing appropriate parametrised
sequences of discriminants D,,. Such studies go back at least to Nyberg’s sequence
[18] given by D,, = (z" 4+ x — 1)? + 42™ and to the experimental rediscovery by
Daniel Shanks of a particular case S,, = (2" +1)2 +4-2". In subsequent years one
finds a sequence of ever more complicated constructions of Yamamoto [33], Hendy
[9], Bernstein [3], Williams [30], Lévesque and Rhin [14], Lévesque [13], Azuhata
[2], Halter-Koch [8], Mollin and Williams [17] and [16], and of Williams [31]; the
remarks of van der Poorten [20] attempt to provide a uniform analysis of these
examples.

The cited studies vary in their emphasis. Some explicitly display what we
now choose to call kreepers. In those cases one can obtain the detailed continued
fraction expansion and therefore the fundamental unit. For example, Shanks [28]
notices that the triples 1,6,1, and 1,6,25, both with x = 2, are kreepers. Other
studies above provide sequences for which the period length provably grows faster
than linearly; however, that these cases are leapers and not jeepers is no more
than a compelling experimental observation. We shall explain why one might feel
confident they are not jeepers.

More precisely, all the cited cases are examples of

Dy (z) = (qra™ + (ma® — l)/q))2 + Alra™
= (qra™ — (ma"* — l)/q))2 + dmra"th . (2)
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Here, without loss of generality*, ged(n,k) = 1. The sequences (Dn (x)) sleep or
kreep if qr’(mxk —1) and I, m, and z satisfy certain conditions, including that
 is so chosen that also both I|D,(z) and m|Dy(z). If not, the sequences are
apparently generic; experimentally, they leap.

If, indeed, (2) provides all kreepers then in (1) necessarily

a=q¢* %, b=2r(mz®+1) and c= (ma* —1)%/¢*;

in particular, both a and ¢ are squares. Suppose that the conditions to kreep are
satisfied. We also note that while the length ¢p(v/D,,) of the expansion of /D,
is to vary linearly with n, the logarithm of the fundamental unit of the quadratic
number field Q(v/D,,), thus the regulator of the field, is in these cases of size O(n?).

Conversely, we can show that (2) provides all kreepers if we presume that in (1)
both a and ¢ are squares and that each quadratic number field Q(v/D,,) contains
a principal ideal of norm x9, for some positive integer g.

2 Sleepers

Sleep is all important. Fortunately, the issues are well understood because of work
of Andrzej Schinzel [27] some forty years ago.

Schinzel asks about the period lengths Ep( F (x)) for polynomials F(X),
taking positive integer values, not squares, for all sufficiently large integers z. He
proves that if Zp(\/F(iE)) is bounded then certainly F' is of even degree 2g+2 and
its leading coefficient is a square. More — with C : Y? = F(X) — the function
field Q(X,Y) of C must have a nontrivial unit a(X) + b(X)Y . It is out of the
ordinary for a function field of positive genus and defined over an infinite base field
to have non-trivial units, so we say such fields are exceptional.

Schinzel shows that limsup,_, . ¢p(y/F(x)) is finite if and only if Q(X,Y)
contains a non-trivial unit a(X)+b(X)Y of norm 1 so that the polynomials a and
b both have coefficients in Z. We call this Schinzel’s condition and then say that
F(X) is a sleeper.

The function field Q(X,Y) being exceptional is equivalent to the continued
fraction expansion of Y = /F(X) being periodic (by Berry [4] and related remarks,
if a quadratic irrational Y (X)) has polynomial trace then the quasi-periodicity of its
continued fraction expansion entails its periodicity). Schinzel’s condition in effect
guarantees that the periods of the numerical expansions of /F(z), for sufficiently
large integers x, have a “pattern” obviously corresponding to the period of \/F(X).

If C is of genus zero its function field always has a unit. For details of the
Schinzel condition in this case see page 8.

All our examples of creep arise from torturing some curve Y2 = D(X) whose
function field is exceptional; note examples of such maltreatment in §5 on page 9.

3 Jeepers, Creepers, .

We follow Kaplansky in thinking of creepers as sequences (Dn(X )) of polynomials
of degree increasing linearly in n and having the feature that there are integers
z so that the period lengths ¢p(y/Dy(z)) “increase gently, forming one or more
arithmetic progressions when sorted into residue classes; there may be a waiting
period before the arithmetic progressions begin” [10]. Strictly speaking, one might

*If not, work with &°d(™k) in place of z.
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better speak of certain sequences of curves (C,), where C,, : ;2 = D,,(X). However,
our remarks underemphasise creep as such in favour of giving weight to being able
explicitly to determine units of the quadratic fields Q(Y},(z)) ; surprisingly, perhaps,
that seems to coincide with creep.

All examples known to us provide regulators of size O(n?), both where relevant
in the function field case, and for specialisations X to appropriate integers z.

3.1 Kreepers. In particular we read Kaplansky to be concerned with creepers
aX®™ 4+ bX" 4 ¢ (1)

of quadratic shape with coefficients a, b, ¢ independent of n; here, at least one
of the coefficients must be a rational function properly depending on X ; otherwise
(1) is a sleeper.

However, in practice it seems that all kreepers are of the shape (3) below. That
leads us — we hope Kap does not object too strongly — to describe any creeper of
the “shape” (3) as a kreeper.

Mind you, if the parameters ¢, r, I, and m in (3) are allowed to depend
on n then, at first glance at any rate, one might be able to concoct “kreepers”
with period lengths increasing somewhat faster with n than proper creep allows.
Nonetheless, the regulators would remain of size O(n?).

3.2 Jeepers! It happens to happen that all the examples we have noticed,
both of sequences of function fields with nontrivial units’, and of creepers, have
regulator of size O(nQ). We refer to a putative sequence of discriminants with
regulator growing calmly, but at greater rate, as a jeeper.

3.3 Leapers. We join Kaplansky in referring to a polynomially parametrised
sequence (D,,) of discriminants with period lengths ¢p(v/D,,), and with regulator
of the orders Z[\/D,(z)] behaving “typically”, as a leaper. Heuristics entail the
majority of such regulators being of size O(expn).

Our suggestion, that the sequences of discriminants here considered either sleep,
creep, or leap, is based on no more than heuristics and experiment.

ASIDE: The paper [21] introduces sequences of discriminants displaying, well, creep, but producing

regulators just of size O(n). Those discriminants are not “polynomially parametrised”. Given the
wager provoking [21], we long ago dismissed these sequences of discriminants as “merely beepers”

4 Ideal Multiplication

Now consider the sequence of polynomials

Dn(X) = (qrX™ + (mX* —1)/q))° + 4lr X"
= (qgrX™ - (mX* — l)/q))2 + dmr X"tk (3)
obtained from the numbers D,, by replacing all explicit and implicit occurrences of
the integer = by X ; note here that the parameters ¢, r, [ and m may be functions
of z. Set S = qgrX"+ (mX*—1)/q and S’ = grX" — (mX* —1)/q and write Y2 =

D, (X). Plainly, the Z-modules a = (4lrX",Y + S) and a’ = (4mrX" %Y + 5)
are principal ideals of the order Q[X,Y]. First, we write as if all of ¢, r, [ and m

TWe readily resisted a momentary urge to name the relevant polynomials “peepers”.
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are units of Q[X], in particular as if 4lrX™ is a common divisor of 4mrX"** and
of 2grX™. Then it makes sense to allege that b := aa’ = ((m/l)X*,Y + 5’). So

b/ = ((m/ /)X Y +8) for j=0,1,...,n = |n/k],
and, by taking ab = <4mrX”7k, Y + S>,
ab? = (4(m? V" r X7 Y 4 8 for j=mni 41, ni+2, ..., no = [2n/k];
and so on. In general, where 1= 0 if ¢ is even, and 1 =1 if ¢ is odd, we have
a'b? = (4(md /P XTI Y 48"y for j=mi+ 1, L., ng = [(i+ Dn/k].

For i =k — 1, take j only up to ny — 1 and then multiply by ab. Specifically, we
see that

akpn = <4(m" SRRy S’> , (4)

showing that the order Q[X,Y] contains a non-trivial unit.
The quantity (Y 4 S)"T#(Y + S')" has norm 427+k[ntkynp2ntk x2n(ntk) o
since not both n and k can be even we had better consider

U, = (Y + S)Q(nJrk:) (Y + S/)Qn/4(2n+k)ln+kmnr2n+kX2n(n+k:) )

Of course it is implicit in the ideal multiplications above that X™|(Y +S)(Y +57),
and that X" ™*|(Y + $)2(Y + &), and so on, so U is indeed a unit of Q[X,Y].
Just so, the condition r’(mxk —1)/q is all of r|S, r|S’, and r|Y2. It follows that
if m|S’ , and if also Z|S , and if there is no inappropriate duplication of factors (see
§84.5 on page 8), then U also is integral at all divisors of m and of [.

Finally, we specialise X back to a suitable integer x. One now acknowledges,
given a discriminant D = D,,(z), one ought to expand either w = v/D/2 if 4|D,
or w= (1++D)/2 if D =1 (mod4). Accordingly, let t = w + @, and set
s=(S—-1t)/2, s =(5—t)/2. Then

Uy = (w + S)2(n+k)(w + S/)2n/ln+kmnr2n+kx2n(n+k) (5)

is a unit of the quadratic order Z[w]. By the construction, it is the fundamental
unit unless | = m =1 and k is even, or [ = m = r = 1, in which cases it is the
square of the fundamental unit.

Ezamples. One might wonder whether the possibility that some of ¢, r, [ and
m be functions of x is spurious. It is not, though for any fixed = one can of course
always write a kreeper with ¢, r, I, and m in Z. With w, = (VD,, +1)/2 if z is
even and \/En/2 if x is odd, and

Da() = ((z — D)a®™+ 42" —1)° 44 — 1)a?H, (6)

one finds fp(wy,) = bm + 2 if n = 2m is even, and ¢p(w,) = 5n + 3 if n is odd.
Note that here “n” has been replaced by 2n + 1 and is always odd, and k& =n.
A less transparent such example is given by

Du(y) = (4 + (2 + Dy’ — 1) + 4, (7)

where in fact r =y* +1, l=—1, m=q=1, 2F = yb, 2™ = y**2.
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4.1 Composition. Multiplication of ideals ¢ = (Q,w + P), ¢ = (Q',w + P’)
presented as Z-modules is just composition [23] of the corresponding quadratic
forms, and yields a product G {(q,w + p). Here G = ged(Q, Q’, P + P’ +t), where
t=w+w, ¢=QQ/G*, and (p— P)(p — P') = (w +p)([@ +p) (mod QQ'/G);
the last condition entails both p = P (mod Q/G) and p = P’ (mod Q'/G). We
must note that an ideal multiplication ¢ - ¢’ yields not ¢¢’, but Gec', where G is
the common factor actually removed in the ideal multiplication.

Finding the relevant G for the product a?(®**)q’2" = 22" is a matter of
accumulating the factors G used in the steps detailed above. For example, each
construction of b produces G = 4irX™. The k multiplications by a together
produce G = 2k—1p[(k=1)/2] xkn

Thus the relevant G for a2tk g2 is (k= 1p[(k=1)/21 X k)2 . (4] X™)?"  and
so the unit U, is

(Y + 8)2 ) (Y 4§20 /G - A(m™ /1" F )k, ®)
precisely as we guessed above.

4.2 Formal Continued Fraction Expansion. We all know that a continued
fraction expansion o =[ag, a1, ..., ap , apt1] is defined inductively by

[ag ,a1,...,an,apy1])=ap+1/]ar,...,an,ant1] and [ J=o00; (9)

and that induction on the number of matrices readily shows that the products

FOGY-G-Gr)  w

entail [ag,a1,a2,...,an] = xx/yn, displaying a useful correspondence between
certain matrix products and continued fraction expansions. A matrix inversion now
leads one to notice that
Y100 — Tp—1

Ynx — Tp,

Qpt1 = —
from which it follows that
araz - apgr = (1) (2 — yra) L. (11)

In particular, the expansion of an irrational quadratic integer w = wq is given by a
sequence of lines, of which the h-th is

wp = (w+ Pp)/Qn = an — (W+ Pry1)/Qn - (line 7)

Here, the next complete quotient wpyq of course is the reciprocal of the preceding
remainder —(@ + Pp+1)/Qp . Plainly

P+ Pri1+ (w4 ) =apQp and ww + (w + @) Pry1 + P,§+1 = —QnQny1- (12)
It thus follows from (11), by taking norms, that

(zh — yaw)(h — ya@) = (=1)" ' Qp1 - (13)
All these, and many similar well known remarks are formal identities in the
variables « and aqg, a1, az, .... They do not rely on the rules, if any, whereby

the partial quotients have been selected. Many classical results are considerably
simplified if they allow for a “more sympathetic” notion of partial quotient than the
usual “admissible” partial quotient. Our ideal multiplication relies on the principle
just enunciated.
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4.3 “Numberising” a Function Field Expansion. In particular, it is quite
straightforward sequentially to cleanse an expansion from its nonintegral partial
quotients; negative partial quotients are even less of an issue [22, §3, page 362].

Hilfsatz Set a/c = [ag ,w] where ag = |a/c], and w:=ay,...,an . Then
afc+~y=lag,w, (—1)"/c*y —d/c] where ad = (=1)"*1 mod c.
Proof By the matrix correspondence we should study

(a b) ((—1)h/027—d/c 1) _ ((—l)ha/czv—ad/c—l-b a>;

c d 1 0 (=) /ey c
and so
((fl)ha/czfy —ad/c+ b)/((fl)h/cy) =a/c— (=1)"y(ad —bec) = ajc+ 1,
because ad — bc = (—1)"+1. O

This is essentially Mendes France’s “Folding Lemma” [15], [24]. Note that one may
choose admissible integers b, d, and hence the word w, in two ways so as to make
n = |w| odd, or even, at will. One applies the Hilfsatz to the general kreeper (2)
commencing as follows.

Set 2a =Y + 5, or a =: (w+ s); similarly 2o/ =Y + 5, 0or o =: (w+5'). It
seems helpful to write 8 = @ and 3 = @’. We note here that a8 = —Ilrz™, and
o/ 8" = —mrz™. Then the expansion of w commences

w=[s,aflra"]=[s,q/l = B'/lra"] =[5, ao(q/l) , wig/l),...]
with next complete quotient
—lrz™ /1?3 —d/l = (o —dmz®)/Imz* = (gra™ — dma®) /Ilma* — §/Ima* .

However, [|(qra™ — dma*) because 1|S. Thus, here the fraction “a/c” has no I in
its denominator; rather, ¢ = m. Hence, by the Hilfsatz, we next have the expansion
of ((gra"~* — dm)/l)/m, followed by a complete quotient ... and, well (on the
wise advice of the referee) so on ... . The main thing is that one “rediscovers” the
conditions for creep precisely as those necessary to produce the miracles essential
to continue happily.

4.4 The Number of Partial Quotients. Had we shown more example steps
in the expansion of (2) we could have seen pretty well all that goes on. In summary,
2n applications of the Hilfsatz provide a complete quotient without an z in its
denominator; compare the n ideal multiplications on page 4.

Moreover, each application of the Hilfsatz, such as those above, yields the
expansion of some rational. The lengths of those expansions depends on n at most
by way of 2™ modulo m, [, and gr. Plainly there are congruence classes of integers
x for which fp(w) increases linearly with n. The whole thing is no more than a
mildly complicated generalisation of the example D,(x) = (2™ + x — 1) 4+ 4a™;

wyp = (VD, +1)/2

1 — — =
wp=[5("+z), 1, 2"z, an2 22, . x, a1 an 4o —1] =

[%(x"—l—x—i—Z),—x"*l—l,—x,—x”*2,—x2,...,—x7—x"*1—17:1c"+:1:+1].

Here, we see that ¢p(w,) = 2n+ 1 when ¢ = r = m = [ = 1. However, the
function field expansion of /D, (X) has period length 2n — 1 because constant
partial quotients are now inadmissible. Nyberg [18] almost knew it all.



8 Roger Patterson and Alf van der Poorten

4.5 Inappropriate Duplication of Factors. Mind you, it’s not quite as
straightforward as our summary may suggest. For example, we do not check that
the various “a/c” are in lowest terms; they will not be if certain pairs of the
parameters x, g, r, [, and m have common factors. We remove this problem
by factoring appropriate squares out of D. A cost is that the parameters become
rationals, complicating one’s description of the expansion®, though not in fact the
expansion itself.

Ezample. Take ¢ = 2, » = 509, « = 1319011, m = 3211, [ = 52 -7, and
restrict n to n =4 (mod 30). Here [, and m, divide D,,(x) but 1} S, m)S'. We
do get kreep, but very messily: 15¢p(w,) = 862n —478. If n =9, or 21 (mod 30),
we get respectively 3¢p(w,) = 392n — 168, or 3¢p(w,) = 392n — 144.

If, however, we start from discriminant D!, = D,,/3% -5 then we get ¢p(w),) =
16n — 6 for all n; but we are left to multiply the continued fraction expansion by
15. The annoying surprise is that D], yields a more simple period than does D, .

Multiplying the continued fraction expansion of w by f becomes a matter of
finding the units of the order Z[fw] instead of the fundamental unit u of Z[w].
Happily, there is a suitable power (f) of u so that u?) is a unit in Z[fw]; a
description of v is given at [32, p327].

Raney [26] explains how one multiplies a continued fraction expansion by an
integer. We suggest that, for 2™ fixed modulo f, the incantation “finite state
transducer” suffices to prove that if the sequence (w;,) creeps, then so does (fws,).

In the function field case, however, even if the order Q[X,Y] contains non-
trivial units, the occurrence of such units in some other order Q[X, f(X)Y] remains
happenstance and cannot be guaranteed as in the number field case.

4.6 Numberising the Quadratic Case. Set Y2 = a2X? + 2bX + ¢, with
A=0b—a%#0. Then Y = [aX +b/a, 2a(a?2X +b)/(b2 — a2c) , 2(aX +b/a)]
displays the function field continued fraction expansion of Y (X). Now presume
that a, b, ¢ are rational integers, and let x be a positive integer large enough
so that y = Y(x) is positive and not a square. Our remarks suppose we are
in the “general case” (for example, that a and b have no common factor). The
numerical continued fraction expansion begins y = [ax 4+ b/a + (y — ax —b/a)].
By the Hilfsatz, this yields a continued fraction expansion of the rational ax +b/a
with next complete quotient

(=1)"*'((ay + a®x + b)/aA — d/a) where bd=1 (mod a), 0 <d < a.

For convenience of exposition we choose n odd. Thus we have
(2(a®z +b) — dA) JaA + (ay — (a®z + b)) /al

waiting to be helped by the Hilfsatz. Suppose first that A|2(a?2z+b) so that the true
denominator is just a divisor of a; suppose it is a. Then our next partial quotients
are the expansion of (2(a?z + b) — dA)/aA and, again having taken n odd, the
next complete quotient is (y + ax + b/a) — d'/a where (2(a*z +b) — dA)d' = A
(mod aA).

For example,

y =922+ 16z +7=32+8/3+ (y— (32 +8/3))

fOne has to wave one’s arms noticeably more excitedly.
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so, note that A = 1 always implies that b> = 1, hence d = b (mod a),
y=[3z+2,1,1,1,y+3x+8/3—2/3]
—[324+2,1,1,1,y+3c+2]=[3z+2,1,1,1,203z+2)].

In fact, one can check that if ged(a,2b,¢) = 1 then, given A’2(a2x +b), always
d’ = b, so that at most two applications of the Hilfsatz yield the period.

If, however, A * 2(a?z + b) then the process explodes unpleasantly and, of
course unless one specifies the generic integer =, the numberised expansion is not
periodic. The bottom line is Schinzel’s result [27, I].

Theorem (Schinzel) Set A =b* —a?c. The quadratic a>X? + 2bX + ¢ is a
sleeper if and only if A‘2g0d(a2, b).

5 Hyperelliptic Curves

On the one hand, ideal multiplication is composition, and such composition allows
one to jump through a continued fraction expansion in multiple steps [29, 12]. On
the other hand, composition is well known, see [5] and [11] for explanations for
the innocent, to be addition on the Jacobian of the curve C : Y2 = D(X). A very
explicit illustration of this phenomenon is given by Adams and Razar [1], reminding
one that periodicity is equivalent to the divisor at infinity being a torsion divisor.
So a curve C has a nontrivial unit in its function field if and only if the divisor at
infinity on Jac(C) is torsion of order the degree of the fundamental unit, thus the
regulator, of the quadratic order Q[X,Y]. For example, the kreepers of §4 provide
a family Y,2 = D, (X) of curves which, when ¢, r, [, and m are constants, have
torsion divisor at infinity of order n?.

Accordingly we studied the “torsion literature” with a view to finding new
examples of creepers. Patterson had an immediate success with Elkies’ curve [7]

C:Y?=X0+4X" +10X° +4X% —4X +1 (14)
which has regulator 39. Indeed, C achieves that feat because Y? = S? + 4R, with
S; = (X?+2X +5) Ay =—6(X +1)
Sy = (X?+2X +1) Ay = —2X(X —1)(X +1)
Sz = (X —4X —1)? A3 =3(X —1)(X +1)2
Sy = (X3-2X —3) Ay =2(X —1)(X +1)3,

and X(X — 1)(X +1)|(S2 + S3); X +1|(S1 + S2); (X +1)2|(S3 + S4).
Now set Y,2 = D, (X) := X?" +4X" "1 + 10X™ + 4X?2 — 4X + 1. Remarkably,
with z = 3 one finds, if n =0 (mod 4), that

tp(V/Du(3)) = 22(n — 1).

Note that we have a kreeper (r =3, m=r=q=k=1,1=8, 2* =1 mod [).
Conversely, while the existence of the four expressions Y2 = S? + 4R; providing
“nice composition” is no more than a happy accident, their detection by Elkies is
with intent. It is precisely such “accidents” that yield hyperelliptic curves with
fairly high torsion. Just so then, one might well expect to find creepers in like
manner.

All elliptic curves over @ with nontrivial torsion are known, see [25] and its
references. Moreover, Patterson [19] has shown they may be rediscovered by the
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methods of Elkies, Flynn, Leprévost et al, see [6] for references. These methods
appear inexorably to produce creepers, mostly kreepers, as described above. Indeed,
we first realised that the “constants” ¢, r, I, m could of course depend on =z
because Flynn’s example Y2 = (A (X))2 —tX9(X —1)9, [6, p. 87], boils down to

V2= (X -DX4+ (X 1)) +4X-1)XY g=1,2,...,

displaying a family of hyperelliptic curves of genus g and torsion order 2g2+2g+1.
As example, [25], the elliptic curves with torsion 5 are given by

Y2 = (X2 - (82— 6t +1))° +326(X — (¢ — 1)),

t € Q\ {0}. The replacement, X < X™ and a choice of ¢ so as to yield a “helpful
collection” of equations Y2 = S? +4R;, can lead to

(X —1)2V2 = (X —1)X2" — X" —1)? —4X"(X" - 1). (15)

We have here sidestepped an interesting trap for young players. In the number field
case it would not have been critical to divide by (z — 1)2. In the function field
case, however, the continuing presence of a “redundant” factor can be so damaging
as to destroy periodicity of the continued fraction expansion. Indeed, the order
Q[X, (X —1)Y,,] has a nontrivial unit only for n =1, 2, and 3. But (15) is more
interesting than just that. Surprisingly, ¢p(Y;,) = 6, and is independent of n.
So (15) is an instance, probably the first ever noticed, of a nontrivial sequence of
function field sleepers.

The tricks used above are not special to the previous example. Just so, from
[25] one sees that its elliptic curves with torsion 7 become

V2= (X24+ (2 —t— )X +2(t—1))* +43(t — )X (16)

after a helpful translation and dilation. Again, replacing X by X" and selecting
t so as to arrange that ideals “compose nicely” suffices for creep. The only viable
selection of t as function of X turns out to be t = X™ with m’n. Also, for
example, X =1t =2 does not yield a kreeper, but leads to the creeper

D, = (222%" + 2" 4 1) 442",
with £p(wy) = Tn — 13 if n is even, while ¢p(w,) = 2(7Tn — 13) if n is odd. The
very similar creeper arising from the torsion 5 case,
D=(2-22" 42" + 1) +4-2",
has ¢p(w,) =4n + 1 if n is even, and ¢p(w,) = 8n + 2 if n is odd.
Taking ¢t = X in (16), above, gives a curve Y2 = S? + 4T, where
S =X (X2 - X - 1)X"+ (X —1) T =(X—-1)X"
Sy = X2 (X2 - X - 1)X" — (X —1) T, = (X - 1)X"J,
S3= X" 1 (X? —3X +1)X" — (X - 1) T3 = (X —1)X"J?
with J, = X"*! + X — 1. The three principal ideals a; = (T} ,w + (S; — t)/2)
suffice to find a principal ideal of norm X9. It seems congenial to look at ajas,
then ajasas, next ajazagas. Whatever, this case is interesting because it appears
to rely on three, not two, ideals to generate a unit. Because J, * D,, this example

cannot be a kreeper. In this example ¢p(Y;,) = 12n and the regulator R(Y,,) of the
order Q[X,Y,] is Tn? +9n + 3. When we numberise we find ¢p(w,) = 14n + 2.
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The families of elliptic curves with torsion 10, respectively 12 never satisfy
the Schinzel condition [25, p. 400]. It is therefore no surprise that the family with
torsion 10 appear to give rise only to two “isolated” creepers

(22713 —5.2" £3)> ~12-2" and (3" —31-3"+10)" +40-3".
6 Concluding Remarks

The information we report is a selection from more extensive but still sporadic data
collected by Patterson. That “experimental” data lends support to the suggestion
that families of hyperelliptic curves with genus ¢ increasing in arithmetic progres-
sion have a divisor at infinity of torsion order at most O(g?). Conversely, since
there was already a suggestion to this effect ambient in the torsion literature, one
may take that as justifying our implied assertion that there are no jeepers — see
their “definition” on page 4.

Of course our data has only little to say about the maximum torsion one might
expect to find on a hyperelliptic curve of genus g. All our examples may well
be atypical in that many of their partial quotients are of degree greater than one
whereas generically — and that includes our algebraic functions — all but the
zero-th partial quotient of a power series in Q((X 1)) should be expected to be of
degree one; see [22] for a discussion. Mind you, periodicity is itself atypical in that
it is equivalent to the occurrence of a later partial quotient of degree g+ 1. Elkies
[7] suggests that the continued fraction expansion of the square root of a sextic has
at most five partial quotients of degree 2, unless it is periodic — in which case
there is one example with six such partial quotients, to wit C of (14) on page 9.

CONCLUDING ASIDE: The thesis [19], and papers with Hugh Williams, will eventually flesh out
the remarks made in the preceding pages.
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