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Abstract. In this report I sanitise (in the sense of ‘bring some sanity
to’) the arguments of earlier reports detailing the correspondence be-
tween sequences (M + hS)_oc<h<oo Of divisors on elliptic and genus two
hyperelliptic curves, the continued fraction expansion of quadratic irra-
tional functions in the relevant elliptic and hyperelliptic function fields,
and certain integer sequences satisfying relations of Somos type. I note
that one may often readily determine the coefficients in those relations
by elementary linear algebra.

I begin with some musings on here called ‘determined sequences’, and continue
with detail on continued fraction expansion of square roots of polynomials and
associated Somos type sequences particularly in the genus 1 and 2 cases.

1 Remarks on Determined Sequences

1.1 Michael Somos’ Sequences

The canonical details are given in [8], but for story telling purposes@ let me
introduce the matter as follows. Some fifteen years ago, Michael Somos noticed [§]
that the two-sided sequence

Ch—2Chi2 = Ch—1Chy1 + Cy,

! Referee 1 warns me that grossly simplified (in plain language: falsified) stories will
not do. More precisely, David Gale [8] reports that Michael Somos discovered the
apparent integrality of 1, 1, 1, 1, 1, 1, 3, 5, 9, 23, 75, 421, 1103, 4057, 41783,

., namely 6-Somos, leading others to investigate 4-Somos and 5-Somos; specifi-
cally, Janice Malouf was the first to prove the integrality of 4-Somos. The trouble
was that the early integrality proofs (of 4, 5, and 6-Somos) seemingly relied on
algebraic accident and could not properly be said to give any explanation. To me, it
seemed sufficient to mention a first-hand source allowing readers to replace legend
by history. However, all this did provoke me to reread [8] alerting me to a number of
interesting facts I had quite forgotten. I use this aside also to report a recent note of
Chris Swart and Andy Hone [19] giving an alternative proof that the T} satisfying
(@) are Laurent polynomials in the initial data, and sharper integrality conditions
than immediately derivable from [7]. Referee 2 adds that “[this alternative] proof
is based on (@) with ¢ = 1 and the analogous formula with asymmetric shifts, and
there is also a (much more verbose) discussion similar in spirit to §L.21”
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which I refer to as 4-Somos in his honour, apparently takes only integer values
if we start from C_1, Cy, Cy, Cy = 1.

Indeed, Somos goes on to investigate also the width 5 sequence, Bj,_2Bj 13 =
Bj_1Bpy2+ BrBp41, now with five initial 1s, the width 6 sequence Dy _3Dj, 43
=Dp_oDpyo+Dp_1Dp1q +D,2L, and so on, testing whether each, when initiated
by an appropriate number of 1s, yields only integers. Naturally, he asks: “What
is going on here?”

While 4-Somos (A006720), 5-Somos (A006721), 6-Somos (A006722), and
7-Somos (A006723), do yield only integers; 8-Somos does not. The codes in
parentheses refer to Neil Sloane’s On-line encyclopedia of integer sequences.

Fomin and Zelevinsky [7] give an algebraic explanation. For example, their
theory of cluster algebras entails that a sequence (T},) satisfying

Ty oThio + BTh_1Ths1 +7TF =0, forall h€Z, (1)
has the T} Laurent polynomials in the four initial values over Z[3/c,v/a] .

1.2 Self-determining Relations

Suppose we are given a family 7 of sequences (T}) all satisfying a relation ()
with constant coefficients «/, 3, v not all zero depending only on the family 7 .
Further, there is no loss of generality in supposing that our family 7 contains a
singular sequence, (W) say, here specified by Wy = 0.

Then we readily determine the nontrivial coefficients by noting that

W_oWs W_1Wq 0
AO,l,h = W_1Ws 0 le
Wh—oWhio Wy_1Wy1 W7

= W A WWh_oWhio — W oaWoW2W), Wi — W2, WiWsW2 =0. (2)

In the context I have in mind, (W},) is in fact anti-symmetric: W_;, = =W},
and clearly W7 # 0 must be supposed, so our determination yields

WETh—oThio = WiTh _1Thy1 — WiW3T7 . (3)

Whatever, given that there is a relation as described, one readily identifies its
coefficients in terms of several initial elements of a, or the, singular sequence in
the family.

1.3 Elliptic Sequences

In the sequel I discuss curves C : Z2 — AZ — R = 0 with polynomial coefficients
A and R satisfying degA=9g+1, 0<degR <g.

Disclaimer. Here and throughout below I disregard the possibility that the
given curve is of genus lower than ¢. In particular, if C is of genus zero then the
continued fraction expansions are different from what we assert generic below.
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In the case g =1, set R =v(X — w). The transformation
U=2 V-v=XU (4)

transforms C into a Weierstrass model £ for an elliptic curve, in effect by taking
one of the points, say S, at infinity on C to Sg = (0,0) on &.

It is an interesting but non-trivial exercise to confirm that there are well-
defined integers Uy, Vi, W} so that the rational points hSg for h € Z have
co-ordinates of the shape (U /W7, V; /W) satistying

ng(Uh,Vh) = Wh—l and Uh = —Wh_1Wh+1; (5)

all this up to at most finitely many primes. For details see Rachel Shipsey’s
thesis [16]. It follows, as long ago observed by Morgan Ward [20], that there is
indeed a sequence W}, as above satisfying

‘/VhfniVthLrnVVt2 = W%thtwhqtt - WmfthnLtW}? (6)

for all integers h, m, and .
It turns out [I4], given an arbitrary point Mg on £, that just so the ‘denom-
inators’ T3 of the ‘translated’ points Mg + hSg¢ satisfy

Wt2Th—mTh+m = W%Th—tTh-&-t - Wm—th—i-tT}? . (7)

It is easy to check that (@]) is self-determining as h or ¢ varies but to prove the
identity requires showing, say by induction on m as in [I4], that it is implied
by the particular case [B]) where m = 2. Such an argument does not require an
understanding of the genesis of the family of sequences exemplified by (7},).

Alternatively, one might recognise (73) as an ‘elliptic sequence’, identify the
corresponding elliptic curve by analytic means, and prove (7)) as coming from
an identity satisfied by the relevant g-function. That’s done by Ward [20], and
rather more directly by Andy Hone [9].

Below I explain the identification by algebraic methods of M and the curve C,
or £. It is intriguing that the recursion (B]) depends only on the curve, but that
four nonzero initial values of T}, are required both to fix the curve among a class
of admissible curves and to find the translation M .

1.4 Division Polynomials

One might remark that there is gain in generality in having changed the trans-
formation, by U « (U — ), V « (V —y), whereby in effect the co-efficients of
£ become polynomials in « and y and S is sent to Sg = (x,y). The result is
that the integers W}, become polynomials Wp,(z,y) with the evident property
that W, (a,b) = 0 if and only if (a,b) is a point of torsion order dividing m.
In other words, Wj,(z,y) is the h-th division polynomial. That inter alia entails
gcd(Wr(x,y),Ws(x,y)) = Wecd(r,s)(%, ), explaining the division properties of
the W},(0,0) and — conversely — the rapid growth of the coefficients of the
division polynomials.
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1.5 Hyperelliptic Sequences

The formulas (@] so relate the cubic and quartic models that the recursion rela-
tions for division polynomials produced from studying the quartic model coincide
with those produced by the more familiar cubic model. One cannot expect that
to be so if g > 1. It should therefore be no special surprise that sequences ob-
tained by David Cantor [5] by studying Padé approximants to square roots of
polynomials of odd degree 2g + 1 and with constant coefficient say 1, viewed
as power series about zero, are not the same as sequences I obtain below from
the continued fraction expansion of square roots of monic polynomials of even
degree viewed as Laurent series about infinity. Just so, the results obtained in
[3] by studying Kleinian o-functions in genus 2 are not immediately applicable
to my discussion below.

2 Continued Fraction of the Square Root of a Polynomial

Suppose A(X) denotes a polynomial of degree g + 1 and R(X) a polynomial
of positive degree at most g. Then, the equation

Z? - AZ-R=0 (8)

defines a quadratic irrational integer function Z of degree g+ 1 and with conju-
gate Z of negative degree. Note that this definition makes sense over base fields
of arbitrary characteristic.

2.1 Laurent Series

Explicitly, albeit not in characteristic two, set Y2 = D(X) where D, not a
square, is a monic polynomial over some field K and is of degree 2g +2 in X .
Then we may write

D(X) = (A(X))” +4R(X),

where A is the polynomial part of the square root Y of D; here 4R, with deg R
at most g, may be referred to as the remainder. We then take

12

Y = A(1+4R/A?) AX)+ X P eX 24 9)

thereby viewing Y as an element of K((X~1!)), Laurent series in the variable
1/X . Note that the degree of such a Laurent series is the degree in X of its
leading term. Of course Z = (Y + A) and does make sense in characteristic 2.

2.2 Continued Fraction Expansions

Now, for h € Z set
Zn=(Z+ Pn)/Qn,

where P, and @p are polynomials such that deg Z, > 0 and deg Zyn <0 — one
says that Zj is reduced. It follows that both deg P, < g — 1 and deg@n < g.
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Further we require that @, divides the norm (Z + P,)(Z + P,); this divisibility
condition is equivalent to the requirement that the K[X]-module (Qn,Z + Pp)
be an ideal of the domain K[X, Z].

Finally, denote by ap the polynomial part of Zj. Then the continued fraction
expansion of, say, Zp is a sequence of lines (or steps)

(Z + Ph)/Qh = ap — (7-1— Ph+1)/Qh in brief: Z, = ap — Eh,
where, —Qp/(Z + Pny1) = (Z + Pry1)/Qn+1- Necessarily
Py+ P+ A=apQn and (Z+ Puy1)(Z 4+ Puy1) = —QuQna

and one readily verifies that the conditions on the P, and @} are in fact sus-
tained for all h.

This does require a minor miracle, but happily one that is well understood.
Because the complete quotients Z; all are reduced it follows that also all the
Ry, are reduced. It follows that the partial quotients ay, which begin life as the
polynomial parts of the Zj, also are the polynomial parts of the Ry, .

Hence also the ‘conjugate line’

Ry =(Z+ Py1)/Qn=an—(Z+ P)/Qn=an — Zp,

is a line in an admissible continued fraction expansion. Thus we may view the
continued fraction expansion as being bi-directional infinite.

2.3 Normal Expansion

In the immediate sequel I suppose that the base field K is infinite. Given that,
I assert that a generic choice of Py and Qo is so that all the aj are linear
— equivalently, so that all the @ are of degree g — indeed, a teeny bit less
obviously, so that all the P, are of their maximal degree g—1. That’s so because
the probability of an element of K being 0 is zero. Equivalently, a generic divisor
of the curve (®)) is defined by a g-tuple of elements of an algebraic extension of K .

2.4 The Cases g =1 and g = 2 are Atypical

All the conditions just mentioned are equivalent to the nonvanishing of the
sequence (dj) of coefficients of the leading term (of degree g —1) of the polyno-
mials P, . Accordingly, it is an appropriate goal to attempt to obtain relations
involving only the parameter d, .

Denote a typical zero of Q; by wy and recall the recursion relations

Pn+ Pryr + A=apQ; and
— QnQni1 = (Z + Poi1)(Z + Poy1) = =R+ Poyi(A+ Prya) . (10)

Thus Ph(wh) + Ph+1(wh) + A(wh) =0 and so R(wh) = fPh+1(wh)Ph(wh).
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Hence Qp(X) divides R(X) + Pypy1(X)Pr(X), and so
Ch(X)/un = (R(X) + Pr1(X)Pu(X)) /Qn(X) (11)

defines a polynomial C},; here up denotes the leading coefficient of @y, .

One notices that degC}, = max(g, 2(g — 1)) — g; so Cy is a constant if and
only if g =1 or g = 2. In the sequel I deal primarily just with these simpler
cases.

2.5 More General Formulae
If Py(en) =0, then by (I} we have both

Ch(en)Qn(en) = unR(en) and  Chy1(ent1)Qn(En+1) = unl(ent1);
and thus Ch_l(ah)Ch(sh)Qh_l(ah)Qh(ah) = uh_luhR(sh)z . (12)

From the recursion formulee (I0),

up—1up = —dp, and Qn_1(en)Qn(en) = Rien). (13)

Hence
C’hfl({-:h)ch((fh) = *th(Eh) s (14)
a formula that seemed inexplicably miraculous when I first stumbled upon it [13]

in the case g = 2.
If w is a zero of R we have

Cr(w)Qn(w) = upPp(w)Pry1(w) (15)

and therefore

Ch—1(w)Ch (w)Qn-1(w)Qn(w) = un—1upPr—1(w) Pr(w)? Pry1 (w) .
By [0) and wup_jup = —dj, this is
Cho1(@)Ch(w) Pa(w) (A(w) + Pu(w)) = dpPro1(w) Ph(w)*Prir(w)  (16)

2.6 What the Continued Fraction Does

It also follows from Qp(wp) = 0 that, for h € Z, the points (wh,—Ph(wh))
specify a sequence (M},) of divisor classes on the Jacobian of the curve C :
Z? - AZ - R=0.

We may set M, = M + S, (so M = My). It then turns out that S, = hS
— with S the class of the divisor at infinity. In other words, each step of the
continued fraction expansion corresponds to addition of the divisor at infinity.
Comments by David Cantor [4] and Kristin Lauter [10] assist one in accepting
this notion. Adams and Razar [1] give a very explicit proof in the elliptic case
and Tom Berry [2] provides analogous arguments for general g.

We note that deg Q) < g and deg P, < g — 1, generically with equality if the
base field is of characteristic zero. I note that because the complete quotients all
are reduced, always deg P, < deg Q.

The pairs (Qn, —Pr) of polynomials are the respective Mumford representations
of divisors M + hS on the hyperelliptic curve C: Z> — AZ — R =0.
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3 Continued Fraction Relations

3.1 The Elliptic Case g =1

Here R = v(X — w) and the Py (X) = dj, are polynomials of degree g —1 = 0.
Plainly Cj, = v. The relation (I8) becomes just

U2(A(w) + dh) == dhfldidhjq . (17)

This identity depends only on the given curve, not on the ‘translation” M.
It follows from (IT) that dji1dy + v?/dp + dpdp—1 is independent of h. A
little work then yields

dn—1dydy dpya = v A(w)dpdpir + 0% (v + 2wA(w)). (18)
For more detail see [12] or [I4]; for the complex function view note Hone [9].

3.2 The Hyperelliptic Case g = 2; First Steps
In general we have R = u(X — w)(X —©) = u(X? — vX + w), say, and the
Pn(X) = dp(X +ep) are polynomials of degree one; thus the €, above are given
by e, = —ep,. Evidently, Cy, = dpdpt1 + u. Here the relations (I6)
Ch—1Ch(A(w) + Pr(w)) = dpPh—1(w)Pp(w) Phi1 (w)
still require an elimination of the (ep,), to be assisted by the ‘miraculous’ identity
Ch—1Ch = (dp—1dp + u)(dpdps1 +u) = —dpR(—ep) . (19)
However,
—dpR(—en) = —udp(w + en) (@ + en) = —uPp(w)(T+ep) .
Thus we are to deal with
—u(@ +ep) (A(w) + Pr(w)) = dpPho1(w)Pry1(w) . (20)
It now seems natural to multiply by the conjugate equation and to use
uPy(w) P (@) = udi (en, +w)(en +©) = —dp(dn_1dp + u)(dndni1 + ).
But that leaves an e;, on the left. Specifically, one obtains
— uCh—1Ch (A(w)A@) + din (@ + en) A(w) + (w + en) A(@))
— dpCh-1Ch/u) = dp—1d5dp1Ch—2Ch—1CLChir Ju® . (21)

While we do have the identity ([I9), it is quadratic in ej, and seems unhelpful in
eliminating e, . Of course there is no e, in the happenstance A(w)+ A(@) = 0.
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3.3 The Special Case g =2, deg R =1

It’s all much easier if R = v(X —w). Then v =0, w = w and is rational, and

(@) becomes
Ch_1C) = dh,ld}%dhﬂ =dpv(en + w) = vPy(w). (22)
Hence ([IG]) is just
V2dp1didpp1 (VA(w) + dp—1didpy1) = dp—odiy _ dydiy ydpo.
Recasting this, we obtain Theorem 1 of [13]
dh_od;_ didy dpyo = vVidp_1didpgy + 0P Aw). (23)

4 Somos Sequences

4.1 Suitable Identities

The identities (I) and ([23) are suitable in the following sense. It turns out
that generically the dj, are rationals increasing in complexity with h at frantic
pace: the logarithmic height of dj, is O(h?). One tames the dj, somewhat by
introducing a sequence (7}) given by the recursive definition

Th1Thyr = dpT7 . (24)

That this yields elements integral at all but at most a few exceptional primes
is not too difficult to show by elementary means in the elliptic case (see my
introductory remarks) and is experientially the case for ¢ = 2, no doubt inter
alia for algebraic reasons of the kind described by Fomin and Zelevinsky [7].
Happily, 24)) easily yields Tp—1Th+2 = dpdp+1TrTh41 and then
dp—1dpdp1T7 = Th—oThy2, dp—1dpdy 1 dpi2TnTher = ThoThys,
and  dp_od;_(djdy 1 dpoTy = Tho3Thts -

So the identities (IT) and ([I8)) become

ThoThyo = v*Th 1Thi1 + 02 A(w)T7
and Tp_oTh4s = ’U2A(w)Th_1Th+2 +03 (U + 2wA(w))ThTh+1 ; (25)

and (23] yields
Th—3This = vV*ThoThio + v A(w)TE . (26)

4.2 Canonical Examples

4-Somos: Suppose (Cp)=(...,2,1,1,1,1,2,3,7,... ) with Cp_oChya =
Ch—1Cht1+C}. One sees that v = £1, w = F2, A(w) = 1, and thus that (Cy)
arises from

77 —(X?-3)Z - (X —-2)=0 with M = (1,-1);
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equivalently from & : V2 —V = U3 + 3U% + 2U with Mg = (—1,1).
5-Somos: The case (Bp) =(...,2,1,1,1,1,1,2,3,5,11,...) with By_2Bpi3 =
Bp_1Bpy2+ BpBpy1 is trickier. One needs to define ¢, Bp—1Bp+1 = th,QZ with
chch+1 independent of h.

One finds that (Bp) arises from

72— (X?—29)Z + 48(X +5) =0 with M = (-3, -8);

equivalently from & : V2 + UV + 6V = U3 + 7U? + 12U with Mg = (-2, -2).
The fact ged(as,as) = ged(6,12) # 1 may here be thought of as ‘necessitating’
the width 5 recursion.

By symmetry each respective M is a point of order 2 on its curve.

A Width 6 Example a la Somos. The sequence (7)) =(...,2,1,1,1, 1,
1,1,2,3,4,8,17, 50, ...), with

Th—3Th+3 = Th—oThio + T2,

may be thought of as arising from the points (thus, divisor classes) ..., M — S5,
M, M+S, M+2S, ... onthe Jacobian of the genus 2 hyperelliptic curve

C: 7% —(X?—4X+1)Z—-(X-2)=0.

Here S is the class of the divisor at infinity and M is instanced by the divisor
defined by the pair of points (¢, %) and (P, ¢): where ¢ is the golden ratio. The
symmetry dictates that M —S = —M so 2M =S on Jac(C).

4.3 An Identity for g = 2

In just the above spirit, multiplying 2II) by T} yields

ud A(W)A@)TE + u*(DTh-1ThThi1 + FdpenTy)
— U (Th—oTP ) + T Thio) — w*Tho1 TpThir + ThsThThts
+ u(Th—3Th+1Tht2 + Th—2Th—1The3) =0, (27)

a suitable expression for dpe, T . Mind you, this suitability — in other words:
that here multiplication by Tif tames the equation — requires a fortunate coin-
cidence of the first term in the expansion of u2d;C}_1C) and the last term in
the expansion of dh_ldithCh_gChH.

Moreover, in the happenstance F = u(A(w) + A@)) = 0, @7) is the sought
for relation. Apropés of comments at §I.5 on page above, I note that terms
of the shapes T}, 3Ty 11Th+2 and T _oTh—1Thy3, OF Th,QTE_H and Tﬁ_lThH,
do mot occur in Cantor’s recurrence formulas.

4.4 Example

Set A(X) = X3 —-7X2+48X +7 and R(X) = u(X — 2)(X —5), noting that
A(2) =3 and A(5) = -3 s0o F =0, D=9u, A(2)A(5) = —9. A computation,
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done for me by David Gruenewald, confirms that the singular sequence ...,
2,1,1, Wy =0, Wo =0, Wy =1, 1, 2, 7, —112, —103, 1803, 132603,
—1042153, —31597909, —1759068155, ..., indeed satisfies

—9uAW + (9u® — u YWy Wi, Wi, i1
— WP (Wi Wi + W2 Whio) + Wi s Wi Wigs
+ u(Wh—sWit1Whio + WhoWh_1Wii3) =0, (28)

of course with w = 1. As always set Z2 — AZ — R = 0. Here, to avoid singular
steps in the continued fraction, one expands Z/R, deeming that to provide
line 1 of the expansion of Z. The recursion relation allows one to fill gaps in and
generally to extend the two-sided sequence.

5 Not Enough Determination

5.1 A Determined Sequence for Every g

During ANTS V, Sydney, Noam Elkies was provoked by remarks of mine to
notice that Fay’s trisecant formula suggests that hyperelliptic curves

7% —AZ —v(X —w) =0

of arbitrary genus g, thus degA = g + 1 but deg R = 1, yield a Somos rela-
tion just on the three terms T),—g—1Th1g+1, Th—gThtg, and T7 — incidentally
explaining the elliptic case and my g = 2 result [I3] at (25).

In this case, the singular expansion — that of Z itself — yields a sequence
(W3) with g central zeros occasioned by the partial quotient A of degree g+ 1,
followed by a 1, and then g — 1 zeros occasioned by the next partial quotient,
(A(X) = A(w)) /v(X — w), of degree g. For g = 2k + 1 odd I set notation so
that W_, = W}, and if g = 2s even then W_j; = Wj41. By the way, after
bypassing the singular part of the continued fraction expansion, one computes
the singular sequence; then backtracking, using the experimentally discovered
recurrence relation, one locates the zero entries.

The determined form of Elkies’ remark is

W2WssTh— 254 1) Tht 2s41) = —WisWasi1 Th—2sTh2s + WiWss a1 W, T2 (29)

and respectively

Wi 1 WeiktsTh— 2k12)Tht (2k+2)
= — W3 o Wakt3Th—@kt1) Tht (2041) + Wes1 Wan3sWanisTZ . (30)

Incidentally, numbering the lines in singular continued fraction expansions, and
thence indexing the W}, , is rather problematic. That would have been so even
in the elliptic case were it not that Morgan Ward [20] had already set a nota-
tion. Determinations such as the present example assist in leading to a coherent
notation.
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5.2 Determined Sequences for g = 2

My remarks above suggest that the general relation linearly relates the terms
Tn—sThThvs, Th—2ThThi2, Tho1ThThi1, Tp o ThsThi1Thy2 + Th—2Th—1Th+s,
and Ty 2T}, 1 +T7_ 1 Thiz . That this is so is clear from experiment. Here a deter-
mination of the coefficients is not immediately successful because it yields the six

coefficients as polynomials in W; =1, Wy, ..., Wz. Recall that W_;,_; = W},
and W_, =Wy =0.

However, Wy plainly is supernumerary since it is given — by the as yet
unknown relation — in terms of W7 =1, Ws, ..., Ws. Indeed, if the last two

pairs of terms above have a nonzero coefficient, the unknown relation already
gives Ws in terms of Wy, W3, Wy, Ws.

If not, we have the simpler case of only four terms all divisible by W} and
then yet more plainly Wy is given in terms of Ws, W3, Wy and W5. In that
special case the determined relation must be

WAWaWsWaTP — WEWT Ty Tt + WiWaWETh_oTy Thso
= WEW2W3Th_3ThTh+3 , (31)

a matter of interest if one hopes to detail the source of the 6-Somos sequence.

In the case g = 1, I had the foresight already to know the relation and, indeed,
to have explicit expressions for Wy =1, Wy, W3, W4, W5 in terms of the para-
meters defining the elliptic curve. Here, explicit computation of Wy, W3, ... in
the general case quickly seems to become too messy to be informative. Whatever,
I have not as yet disentangled the determination just now sketched, probably
out of laziness but principally, I claim, because I am looking for methods and
ideas that may generalise to arbitrary genus; hard yakka@ mucking about with
absurd identities is unlikely to do that. I should here also admit that extensive
computations of quite general examples by David Gruenewald have helped to
‘verify’ various guesses of mine, and of his, but have not as yet proved useful in
readily identifying the coefficients of the general relation as polynomials in W5,
Wg, W4, and W5.

6 Comments

I find the Somos sequences interesting as an infinite base field phenomenon
which continues to give meaningful information after reduction or specialisation
— after all, the elliptic case will do for this remark, the sequences begin life as
‘denominators’ yet persist under transformation of the base field to a finite field.
That all said, the sequences may well be a distraction, hence my feeling that not
enough determination is quite enough.

Indeed, a principal charm of the continued fraction expansions is their en-
capsulating a sequence of divisors M + h.S allowing one ready entrance to open
questions dealing with torsion possibilities in higher genus, note for easy example

2 yakka: work [Australian Aboriginal].
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the modular curves mentioned in [II]. In this context I also note that many of
the phenomena touched on above will reappear in studying multi-sequences of
Padé approximants to higher degree algebraic functions.

I also note, as hinted at in my opening comment just above, that studying
curves over an infinite field, say Q — though computationally hopeless — does
nonetheless give insight into the corresponding curves over finite fields, moreover
all at once for almost all p. I hope to give more emphasis to that thought in
future work.

Thoughtful remarks from the two referees helped me to omit some of the
errors in my remarks.
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