
Part A
(Please use a separate book for Part A.)

Question 1. [20 marks]
Consider the wave equation

utt = c2uxx (1)

on the unbounded domain �1 < x <1; where c is a positive constant.

(a) Derive the general solution of the wave equation (1) and show that it is a sum of
two travelling waves: u(x; t) = F (x� ct) +G(x+ ct).

(b) Find the solution of the wave equation (1) that satis�es the initial conditions

u (x; 0) = ' (x) ; ut (x; 0) = g(x) on �1 < x <1;

where ' and g are given functions.

(c) Find the solution w of the wave equation

wtt = c2wxx (2)

on the half-line 0 < x <1 and t � 0, that satis�es the initial conditions

w (x; 0) = ' (x) ; wt (x; 0) = 0 for x � 0; (3)

and the Dirichlet boundary condition

w (0; t) = 0 for all t: (4)

(d) Find the solution v of the wave equation

vtt = c2vxx (5)

on the half-line 0 < x <1 and t � 0, that satis�es the initial conditions

v (x; 0) = e�(x�5)
2

; vt (x; 0) = 0 for x � 0;

and the Neumann boundary condition

vx (0; t) = 0 for all t:
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Question 2. [20 marks]
Use the method of separation of variables to solve Helmholtz equation

�'+ k2' = 0

for the function ' (x; y; z) in the unit cube region 0 < x < 1, 0 < y < 1; 0 < z < 1 with
the zero boundary condition: ' = 0 on the boundary. What condition must k satisfy
in order to have non-trivial solutions? How many solutions are there when 0 < k < 1?

Question 3. [20 marks]

(a) Show that the Fourier sine series of the function f (x) = x(� � x) de�ned for
0 < x < � is
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(b) Find the standing wave solutions u(x; t) of the homogeneous wave equation

utt = uxx

in the region 0 < x < � and t > 0, that satis�es the Dirichlet boundary conditions

u (0; t) = u (�; t) = 0;

and the initial conditions

u(x; 0) = x(� � x); ut(x; 0) = sinx

You may use the result in part (a).

(c) Consider vibrations of a �nite string that is �xed at both ends, and modelled by
the initial boundary value problem in part (b). Use the solution in part (b) to
sketch the graph of the fundamental mode of vibration of the string at the time
instants where t takes values 0; �=2; �:
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Question 4. [20 marks]
Consider the cylinder of radius a with its axis equal to the z-axis. The interior of
the cylinder with a rigid surface forms an acoustic waveguide. Let � be an acoustic
velocity potential, satisfying the wave equation and having form (in standard cylindrical
coordinates (r; �; z))

� = � (r; �; z; t) = ei(kzz�!t)	(r; �) ; (6)

where ! and kz are given constants. Furthermore suppose that 	 is independent of �,
so that we may write 	 = 	(r) :

(a) What sort of wave does the form (6) represent?

(b) Show that 	 satis�es the ordinary di¤erential equation

d2

dr2
	+

1

r

d

dr
	+

�
k2 � k2z

�
	 = 0; (7)

subject to the boundary condition 	0 (a) = 0; here k = !=c, with c denoting the
speed of plane waves in the unbounded medium.

(c) Show that the equation (7) has solutions that are bounded in the interior of

the cylinder only when (k2 � k2z)
1
2 a is a zero of J 00, where J0 denotes the Bessel

function of �rst kind and order zero. Let �0 < �1 < �2 < �3 < : : : denote the
non-negative zeros of J 00 arranged in ascending order; �0 = 0: Deduce that

kz = km =

r
k2 � �2m

a2
; (8)

where m = 0; 1; 2; 3; : : : : What is the speed of propagation of the mode corre-
sponding to the choice of km as given by (8)?
[The di¤erential equation satis�ed by Bessel functions of order � is

x2
d2y

dx2
+ x

dy

dx
+
�
x2 � �2

�
y = 0:]

(d) Given that �m '
�
m� 3

4

�
� when m � 1, show that there are approximately

ak

�
+
3

4
+ 1

propagating modes in the waveguide.
[You may assume that in standard cylindrical polar coordinates (r; �; z) the Lapla-
cian takes the form

� =
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Part B
(Please use a separate book for Part B.)

Question 5. [20 marks]

(a) Explain what is meant by a travelling wave solution to a partial di¤erential equa-
tion for the function u = u (x; t) : Find all travelling wave solutions of the equation

ut + ux + uxxx = 0 (9)

which have speed c < 1:

(b) By considering wave-train solutions, determine the dispersion relation of the equa-
tion (9). Is the equation dispersive?

(c) Consider the three-dimensional wave equation for the function ' = ' (x; t) where
x denotes the point (x; y; z) in R3 and t denotes time:

1

c2
'tt = �'; (10)

where c is a positive constant.

(i) Let f be a function of one real variable that is twice di¤erentiable, and let n
denote a unit vector in R3. Show that the function

' (x; t) = f (n � x� ct)

satis�es the wave equation (10). What type of wave does this function rep-
resent? What is its speed and direction?

(ii) Let r = jxj : By considering the function v = r'; �nd the most general form
of solution to the wave equation (10) that is spherically symmetric about the
origin. Determine the most general such spherically symmetric solution that
represents an outgoing wave, i.e., a wave travelling outwards from the origin.

(iii) Let ' = ' (x; t) represent an outgoing, spherically symmetric wave that sat-
is�es the condition that r' is bounded in R3. Show that

r
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�
! 0; as r !1:

[You may assume that in standard spherical polar coordinates (r; �; �) the
Laplacian takes the form
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Question 6. [20 marks]

(a) (i) Show that sech2 x+ tanh2 x = 1 for all real x.
(ii) Find the derivative of the function f (x) = sechx; �nd the derivative of its

inverse function f�1 (x) = sech�1 x: Deduce that, if a is a positive constant,Z
dx

x
p
a� x

= � 2p
a
sech�1

r
x

a
+ C;

where C denotes an arbitrary constant.

(b) Consider the Korteweg-deVries equation for the function u = u (x; t):

ut + 3uux + uxxx = 0

Let u = f (x� ct) be a travelling wave solution of this equation satisfying the
constraint that f (z) ; f 0 (z) and f 00 (z)! 0 as z ! �1:

(i) Show that f satis�es the di¤erential equation (f 0)2 = cf 2 � f 3:

(ii) Use the result of part (a) to determine the solution of this di¤erential equation.
(iii) How is the amplitude (maximum height) of the travelling wave solution re-

lated to its speed?
(iv) Sketch the waveform of the travelling wave solution for the value c = 1:

Question 7. [20 marks]

Let 
 be a bounded region in R3, with a smooth surface @
; let k denote a positive
number. For any points x and x0 in 
, de�ne the function G (x;x0) by

G (x;x0) = �
1

4�r
e�ikr; where r = jx� x0j :

(a) Show that, for each �xed x0 in 
, the function G (x;x0) satis�es the Helmholtz
equation

r2G (x;x0) + k2G (x;x0) = 0

at each point x in 
; except x = x0. (The di¤erentiation is done with respect to
x; you may assume the form of the Laplacian in spherical coordinates as stated
at the end of question 5)

(b) Suppose that ' = ' (x) is a solution of the Helmholtz equation at all points in 
:

�' (x) + k2' (x) = 0:

Show that
r � (' (x)rG (x;x0)�G (x;x0)r' (x)) = 0

at each point x in 
; except x = x0.
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(c) Let S denote a (small) sphere of radius " > 0, centre x0; denote its surface by
@S. Let n denote the unit vector that is outward pointing at each point of @
.
Show that Z

@


�
' (x)

@G (x;x0)

@n
�G (x;x0)

@' (x)

@n

�
dSx

=

Z
@S

�
' (x)

@G (x;x0)

@r
�G (x;x0)

@' (x)

@r

�
dSx

where @'
@r
and @G

@r
denotes derivatives in the direction of the outward normal to

the surface of the sphere.

(d) Show that

lim
"!0

Z
@S

' (x)
@G (x;x0)

@r
dSx = ' (x0) ;

and

lim
"!0

Z
@S

G (x;x0)
@' (x)

@r
dSx = 0;

and deduce that

' (x0) =

Z
@


�
' (x)

@G (x;x0)

@n
�G (x;x0)

@' (x)

@n

�
dSx:
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