Part A
(Please use a separate book for Part A.)

Question 1. [20 marks|
Consider the wave equation
Uy = Cligg (1)

on the unbounded domain —oco < x < 0o, where c is a positive constant.

(a) Derive the general solution of the wave equation (1) and show that it is a sum of
two travelling waves: u(x,t) = F(z — ct) + G(x + ct).

(b) Find the solution of the wave equation (1) that satisfies the initial conditions
u(z,0)=¢ (@), w(r,0)=g(z) on —oo <z <00,

where ¢ and g are given functions.

(c¢) Find the solution w of the wave equation
Wy = Py (2)
on the half-line 0 < z < oo and ¢ > 0, that satisfies the initial conditions
w(z,0) =p(x), w(x,0)=0 forax >0, (3)
and the Dirichlet boundary condition
w (0,t) =0 for all t. (4)
(d) Find the solution v of the wave equation
Vit = g ()
on the half-line 0 < z < oo and t > 0, that satisfies the initial conditions
v (2,0) = e @y, (2,0)=0 for z >0,
and the Neumann boundary condition

v (0,t) =0 for all t.



Question 2. [20 marks]
Use the method of separation of variables to solve Helmholtz equation

Ap+ ko =0

for the function ¢ (x,y, z) in the cubic region 0 < z < 2,0 < y < 2,0 < z < 2 with
the ’hard” boundary condition: g—i = 0 on the boundary, where n is the outward unit
normal vector. What condition must k£ satisfy in order to have non-trivial solutions?
How many solutions are there when 0 < k < 17

Question 3. [20 marks]

(a)

Show that the Fourier cosine series of the function f (z) = (7 — x) defined for
O<z<mis

%2 -2 i [1—’_7(1—2_1)71] COSNT.
Find the standing wave solutions u(z,t) of the homogeneous wave equation
Ut = Ugy
in the region 0 < x < mand ¢ > 0, that satisfies the Neumann boundary conditions
U (0,t) = u, (m,t) =0,
and the initial conditions

uw(z,0) = z(r — ), u(z,0) = cosz

You may use the result in part (a).

Consider vibrations of a finite string with free ends, modelled by the initial bound-
ary value problem in part (b). Use the solution in part (b) to sketch the graph of
the first two modes of vibration of the string at the time instants where t takes
values 0,7/2, .



Question 4. [20 marks]
Consider the cylinder of radius a with its axis equal to the z-axis. The interior of the
cylinder with a rigid surface forms an acoustic waveguide. Let C' denote the cross-
section of the cylinder, including the boundary and interior of the circle, in the plane
z = 0; let 9C' denote its boundary. Let ¢ be an acoustic velocity potential, satisfying
the wave equation and having form

6= (x,y,2,t) = BN (2,y) (6)

where W is a function only of 2 and y (independent of z); w and k, are given constants.

(a) What sort of wave does the form (6) represent? Show that U satisfies
VAU 4 (K = k2) ¥ =0
where k = w/¢, with ¢ denoting the plane wave speed in the unbounded medium.
(b) Use the identity
V- (IVD) = VI + TV2D

and the divergence theorem to show that

/ —ds—//|V\If| dS + (k2 — k?) //\I/dS (7)

where %—‘f denotes the radially outward derivative on 0C.

(c) Explain why the left hand side of (7) is zero. Deduce that if k&, > k > 0, then ¥
must be the zero function.

(d) Suppose that, in standard cylindrical coordinates (7, 0, z), the function ¥ is inde-
pendent of 0, so that we may write U = WU (r) . Show that U satisfies the ordinary
differential equation

— U+ 1—\1} + (K = k)W =0, (8)

subject to the boundary condition \If’ (a) = 0. [You may assume that the formula

U\ LW 0

(e) Now suppose k& > k, > 0. Show that the equation (8) has solutions that are
bounded in the interior of the cylinder only when (k* — 1{72) a is a zero of J|,
where Jy denotes the Bessel function of first kind and order zero.

Let vy < v; < vy < v3 < ... denote the non-negative zeros of .Jj arranged in
ascending order; vy = 0. Deduce that

k,=k, = k2—a—72”, (9)
where m = 0,1,2,3,.... What is the speed of propagation of the mode corre-

sponding to the choice of k,, as given by (9)?
[The differential equation satisfied by Bessel functions of order v is
2 Py dy

@—l—x%—i—(ﬁ—lﬁ)y:&]



Part B
(Please use a separate book for Part B.)

Question 5. [20 marks]

(a) Explain what is meant by a travelling wave solution to a partial differential equa-
tion for the function u = u (z,t) . Find all travelling wave solutions of the equation

Ut = Ugy + Ugaas (10)

which have speed c¢ satisfying 0 < ¢ < 1.

(b) By considering wave-train solutions, determine the dispersion relation of the equa-
tion (10). Is the equation dispersive?

(c) Consider the three-dimensional wave equation for the function ¢ = ¢ (x,t) where
x denotes the point (z,v,2) in R and ¢ denotes time:

1
g%ptt = Agp, (11)

where ¢ is a positive constant.

)

(iii)

Let f be a function of one real variable that is twice differentiable, and let n
denote a unit vector in R3. Show that the function

pr(xt) = f(n-x—ct)

satisfies the wave equation (11). What type of wave does this function rep-
resent? What is its speed and direction?

Let r = |x|. By considering the function v = r¢, find the most general form
of solution to the wave equation (11) that is spherically symmetric about
the origin; show that it represents the sum of two waves, and describe their
speeds and directions.

Let 1) = ¢ (x,t) represent an outgoing, spherically symmetric wave that sat-
isfies the condition that 71 is bounded in R3. Show that

oy 19y
*(E*W

)—>O, as r — o0.

What condition does the corresponding inwardly travelling spherically sym-
metric wave satisfy?

[You may assume that in standard spherical polar coordinates (r,0,¢) the
Laplacian takes the form

B T S N T S
Ay = r2 Or (T Gr) * r2sin € 00 (Smeae) * r2sin298q§2']




Question 6. [20 marks|

(a) (i) Show that sech®z 4 tanh®z = 1 for all real z.

(ii) Find the derivative of the function f (z) = sechz; find the derivative of its
inverse function f~!(z) = sech™* 2. Deduce that, if a is a positive constant,

/ dx 1 - (x2 > Lo
= — sec — )

rva — ot 2v/a Vva

where C' denotes an arbitrary constant.

(b) Consider the following partial differential equation for the function v = u (x, t):
w4+ 15utuy + Ugye = 0.

Let u = f (z — ct) be a travelling wave solution of this equation satisfying the
constraint that f (z2), f'(z) and f” (z) — 0 as z — +oo.

(i) Show that f satisfies the differential equation (f’)* = cf? — fS.

(ii) Use the result of part (a) to determine the solution of this differential equation.

(iii) How is the amplitude (maximum height) of the travelling wave solution re-
lated to its speed?

(iv) Sketch the waveform of the travelling wave solution for the value ¢ = 1.

Question 7. [20 marks]

Let © be a bounded region in R?, with a smooth surface 9); let k denote a positive
number. For any points x and xq in €, define the function G (x;x) by

1 .
G (x;%0) = ———e " where r = |x — x| .
(% %o) - w | ol
(a) What type of wave does the function G (x;x)e™* represent (w a fixed positive
number)?
(b) Show that, for each fixed xq in 2, the function G (x;xo) satisfies the Helmholtz
equation
V3G (x;%x0) + K*G (x;%0) = 0
at each point x in 2, except x = x¢. (The differentiation is done with respect to
the variable denoted by x; you may assume the form of the Laplacian in spherical
coordinates as stated at the end of question 5)
(c) Let f(x) be a given continuous function defined in the region 2. Suppose that

@ = p (x) is a solution of the inhomogeneous Helmholtz equation at all points in
Q:

Ap (x) + ko (x) = f(x).
Show that

V- (0 (%) VG (x%0) = G (x%0) Vi (x)) = —f (%) G (x;%0)

at each point x in €2, except x = Xq. [You may assume the identity V - (hF) =
Vh-F + hV - F for all scalar fields h and vector fields F.]
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(d) Let S denote a (small) sphere of radius e > 0, centre xo; denote its surface by
0S. Let n denote the unit vector that is outward pointing at each point of 0f2.
Let  =Q—5={x€Qandx ¢ S}. Show that

[ (560 22 i) 250 ) s,
_ /85 (@ (x) % — G (x;%) 8%5X)> dSx

= = f (X) G <X7 XO) dX,
1951

where g—f and %—f denotes derivatives in the direction of the outward normal to

the surface of the sphere.

(e) Show that

_ 0G (x; X
1 _— 7
i | P (X) =,

and

: dp (x)
1 : = 0.
lim . G (x;%) o dSx =0

Deduce that

[You may assume that

/f(X)G(X;Xo)dXHOaseeo.]
s



