
FROM TAMSAMANI’S WEAK 2-CATEGORIES TO
BICATEGORIES

SIMONA PAOLI

Abstract. We give a conceptual description of the bicategory associated to
a Tamsamani’s weak 2-category, and we associate functorially to a morphism
of Tamsamani’s weak 2-categories a homomorphism of the corresponding bi-
categories.

1. Introduction.

The goal of this paper is to construct a functor from the category N2 of Tam-
samani’s 2-nerves and their morphisms to the category Bicat of bicategories and
homomorphisms. On objects, this functor associates to a Tamsamani’s 2-nerve a
bicategory as constructed by Tamsamani in [5] and [6]. Our approach is however
more conceptual, and allows to associate to a morphism of 2-nerves a homomor-
phism of the corresponding bicategories. The last point is missing in [5],[6].

We proceed in two steps. First we construct a functor from Tamsamani’s weak
2-categories to a certain subcategory S(N2) of pseudo-functors from ∆op to Cat .
This is done in Section 3, using the categorical property of “transport of structure
along an adjunction” (see Section 2). In Section 4, we construct a functor from
S(N2) to the category of bicategories and homomorphisms.
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2. Preliminaries.

We recall the definition of Tamsamani weak 2-category or, as they are called in
[5], [6], 2-nerves. A 2-nerve is a simplicial object in Cat φ : ∆op → Cat such that

i) φ0 is a discrete category.
ii) For each n ≥ 2 the Segal maps ηn : φn → φ1×φ0

n· · ·×φ0φ1 are equivalences
of categories.

Given a 2-nerve φ : ∆op → Cat , since φ0 is a discrete category, we have

φ1 =
∐

x,y∈φ0

φ(x,y)

where φ(x,y) is the full subcategory of φ1 whose objects are z ∈ Obφ1, ∂0z = x,
∂1z = y, ∂0, ∂1 : φ1 → φ0 face operators.

Let Tφn be the set of isomorphisms classes of objects of the category φn. It is
easy to see that the simplicial set Tφ : ∆op → Set, Tφ([n]) = Tφn is the nerve of
a category. A morphism of 2-nerves f : φ → φ′ is called an external equivalence if
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for all x, y ∈ φ0 the functors f(x, y) : φ(x,y) → φ′(fx,fy) and Tf : Tφ → T ′φ are
equivalences of categories.

Given a 2-category C, we denote by Ps[C, Cat ] the 2-category whose objects are
the pseudo-functors from C to Cat , morphisms the pseudo-natural transformations
and 2-cells the modifications. We denote by [C, Cat ] the 2-category of 2-functors, 2-
natural transformations and modifications. We refer the reader to [1] and [3] for the
definitions of these notions. It can be shown that there is a 2-category Ps[C, Cat ]
whose 0-cells are the pseudo-functors, 1-cells are pseudo-natural transformations
and 2-cells are the modifications.

A bicategory B consists of the following data:

• a set of objects, or 0-cells, ObB;
• for each x, y ∈ ObB, categories B(x, y), whose objects are called 1-cells and

morphisms 2-cells;
• for each x, y, z ∈ ObB, functors

Cxyz : B(y, z)× B(x, y) → B(x, z)

(g, f) → gf

(β, α) → β ∗ α

Ix : 1 → B(x, x);

• for each x, y, z, w ∈ ObB, natural isomorphisms

B(z, w)× B(y, z)× B(x, y)

B(y, w)× B(x, y)

B(z, w)× B(x, z)

B(x,w)

1×Cxyz //

Cyzw×1

²²

Cxyw

//

Cxzw

²²

αxyzw

3;oooo oooo

B(x, y)× 1

B(x, y)× B(x, x) B(x, y)

1× B(x, y)

B(y, y)× B(x, y) B(x, y)

1×Ix

²²

∼=

##GGGGGGGGGGGGGGGGGGGGGGGGG

Cxxy //

Iy×1

²²

∼=

##GGGGGGGGGGGGGGGGGGGGGGGGG

Cxyy

//

rxy 6>tttt
tttt

lxy 6>tttt
tttt
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These data have to satisfy coherence axioms, given by the commutativity of the
following diagrams

((kh)g)f (k(hg))f

(kh)(gf) k((hg)f)

k(h(gf))

α

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

α

%%KKKKKKKKKKKKKKKKKKK

α∗1 //

α

ÂÂ?
??

??
??

??
??

1∗α

yysssssssssssssssssss
(1)

(gI)f g(If)

gf

α //

r∗1

½½4
44

44
44

44
44

44
44

44

1∗l

¥¥­­
­­

­­
­­

­­
­­

­­
­­

­
(2)

A homomorphism of bicategories from B to B′ consists of the following data:

• a function F : ObB → ObB′;
• for each x, y ∈ ObB, functors

Fxy : B(x, y) → B′(Fx, Fy);

• natural isomorphisms

B(y, z)× B(x, y)

B′(Fy, Fz)× B′(Fx, Fy)

B(x, z)

B′(Fx, Fz)

Cxyz //

Fyz×Fxy

²²

CF xF yF z

//

Fxz

²²

,
ωxyz ;CÄÄÄÄ

ÄÄÄÄ

1 B(x, x)

1 B′(Fx, Fx)

1x //

1F x

//

Fxx

²²

ωx
;CÄÄÄÄ

ÄÄÄÄ

These data have to satisfy the condition that the following diagrams commute

(Fh ◦ Fg) ◦ Ff F (h ◦ g) ◦ Ff F ((h ◦ g) ◦ f)

Fh ◦ (Fg ◦ Ff) Fh ◦ F (g ◦ f) F (h ◦ (g ◦ f))

ω∗1 // ω //

α′

²²

1∗ω
//

ω
//

Fα

²²

(3)
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Ff ◦ I ′Fx Ff ◦ FIx F (f ◦ Ix)

Ff

1∗ω // ω //

r′

""DD
DD

DD
DD

DD
DD

D

Fr

||zz
zz

zz
zz

zz
zz

z
I ′Fy ◦ Ff FIy ◦ Ff F (Iy ◦ f)

Ff

ω∗1 // ω //

l′

""DDDDDDDDDDDD

Fl

||zz
zz

zz
zz

zz
zz

z

(4)
We denote by Bicat the category of bicategories and homomorphisms. An arrow
b : x → y in a bicategory is an equivalence if there exists an arrow b′ : y → x
and invertible 2-cells bb′ ∼= idy and b′b ∼= idx. A homomorphism of bicategories
F : B → B′ is said to be a biequivalence if for all x, y ∈ Ob C the functors B(x, y) →
B′(Fx, Fy) are equivalences of categories and if, for all z ∈ ObB′ there exists
x ∈ ObB and an equivalence Fx → z.

We will use the notion of 2-monad, their algebras and pseudo-algebras. Recall
that a 2-monad on a 2-category A is a 2-functor T : A → A with 2-natural
transformations m : T 2 → T and i : 1 → T satisfying the equations

m · Ti = 1, m · iT = 1, m · Tm = m ·mT.

Given a 2-monad T on A a T-algebra is defined as in the case of ordinary monads.
A pseudo-T-algebra is given by (A, a, â, a) where A ∈ A, a : TA → A, â, a are
invertible 2-cells

A

TA A

iA

²² ??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

a //

â®¶

T 2A

TA

TA

A

mA //

Ta

²²
a

//

a

²²

a®¶

satisfying certain coherence axioms [2]. A morphism of pseudo-T-algebras from
(A, a, â, a) to (B, b, b̂, b) is given by (g,

=
g) where g : A → B and

=
g is an invertible

2-cell

TA

A

TB

B

Tg //

a

²²

b
//

g

²²

=
g®¶

satisfying certain coherence axioms [2]. In Section 3 we will use a categorical prop-
erty known as “transport of structure along an adjunction” given by the following
theorem:

Theorem 2.1. [2, Theorem 6.1] Given an equivalence η, ε : f, f∗ : A → B in
the complete and locally small 2-category A, and an algebra (A, a) for the monad
T = (T, i, m) on A, the equivalence enriches to an equivalence

η, ε : (f,
=

f) ` (f∗,
=

f∗) : (A, a) → (B, b, b̂, b)

in Ps-T -Alg, where b̂ = η, b = f∗a · Tε · Ta · T 2f ,
=

f = ε−1a · Tf ,
=

f∗ = F ∗a · Tε.
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Let now η′, ε′ : f ′ ` f ′∗ : A′ → B′ be another equivalence in A and let
(B′, b′, b̂′, b′) be the corresponding pseudo-T -algebra as in Theorem 2.1. Suppose
g : (A, a) → (A′, a′) is a morphism in A and γ is an invertible 2-cell in A

B

B′

A

A′

f∗oo

h

²²

f ′∗
oo

g

²²

γ
®¶

Let γ be the invertible 2-cell given by the following pasting:

TB TB′

B B′

TA TA′

A A′

Th //

b

²²

b′

²²

h
//

Tg
//

²² ²²g //

Tf∗
__??????????

f∗

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ

Tf ′∗
??ÄÄÄÄÄÄÄÄÄÄ

f ′∗

ÂÂ?
??

??
??

??
?

(Tγ)−1

®¶

γ
®¶

=
f ′∗®¶

=
f∗®¶

Then it is not difficult to show that (h, γ) : (B, b, b̂, b) → (B′, b′, b̂′, b′) is a pseudo-
T -algebra morphism.

3. From 2-nerves to pseudo-functors.

We start by discussing a general fact, which is essentially known. As sketched in
the proof below, it is an instance of “transport of structure along an adjunction”.
Alternatively, a direct but rather tedious proof by pasting diagrams is also possible.

Lemma 3.1. Let C be a small 2-category, F, F ′ : C → Cat be 2-functors, α : F →
F ′ a 2-natural transformation. Suppose that, for all objects C of C, the following
conditions hold:

i) G(C), G′(C) are objects of Cat and there are adjoint equivalences of cate-
gories µC ` ηC , µ′C ` η′C ,

µC : G(C) →← F (C) : ηC µ′C : G′(C) →← F ′(C) : η′C ,

ii) there are functors βC : G(C) → G′(C),
iii) there is an invertible 2-cell

γC : βCηC ⇒ η′CαC .

Then
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a) There exists a pseudo-functor G : C → Cat given on objects by G(C), and
pseudo-natural transformations η : F → G, µ : G → F with η(C) = ηC ,
µ(C) = µC ; these are part of an adjoint equivalence µ ` η in the 2-category
Ps[C, Cat ].

b) There is a pseudo-natural transformation β : G → G′ with β(C) = βC and
an invertible 2-cell in Ps[C,Cat ], γ : βη ⇒ ηα with γ(C) = γC .

Proof. Recall [4] that the functor 2-category [C, Cat ] is 2-monadic over [|C|,Cat ],
where |C| is the set of objects in C. Let T be the 2-monad; then the pseudo-T -
algebras are precisely the pseudo-functors from C to Cat . Let

U : Ps-T -Alg ≡ Ps[C, Cat ] → [|C|, Cat ]

be the forgetful functor.
Then the adjoint equivalences µC ` ηC amount precisely to an adjoint equiva-

lence in [|C|, Cat ], µ0 ` η0, µ0 : G0
→← UF : η0 where G0(C) = G(C) for all

C ∈ |C|. By Theorem 2.1, this equivalence enriches to an adjoint equivalence µ ` η
in Ps[C,Cat ]

µ : G →← F : η

between F and a pseudo-functor G; it is UG = G0, Uη = η0, Uµ = µ0; hence on
objects G is given by G(C), and η(C) = Uη(C) = ηC , µ(C) = Uµ(C) = µC .

Let νC : idG(C) ⇒ ηCµC and εC : µCηC ⇒ idF (C) be the unit and counit of the
adjunction µC ` ηC . From Theorem 2.1, given a morphism f : C → D in C, it is

G(f) = ηDF (f)µC

and we have natural isomorphisms:

ηf : G(f)ηC = ηDF (f)µCηC
ηDF (f)εC====⇒ ηDF (f)

µf : F (f)µC

νF (f)µC

===⇒ µDηDF (f)µC = µDG(f).

Also, the natural isomorphism

βf : G′(f)βC ⇒ βDG(f)

is the result of the following pasting

G(C) G′(C)

G(D) G′(D)

F (C) F ′(C)

F (D) F ′(D)

βC //

G(f)

²²

G′(f)

²²

βD

//

αC //

F (f)

²²

F ′(f)

²²

α′D

//

__??????????

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ

??ÄÄÄÄÄÄÄÄÄ

ÂÂ?
??

??
??

??

γC®¶

γ−1
D®¶

η′f®¶
ηf

®¶

2
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We now apply Lemma 3.1 to the case where C = ∆op, considered as a 2-category
with identity 2-cells; let φ : ∆op → Cat be a 2-nerve. By definition, for each n ≥ 2
there is an equivalence of categories φn ' φ1×φ0

n· · ·×φ0φ1. We can always choose
this equivalence to be an adjoint equivalence; thus let ηn : φn → φ1×φ0

n· · ·×φ0φ1

be the Segal map and µn its left adjoint. By Lemma 3.1, we deduce that there is
a pseudo-functor φ̃ ∈ Ps[∆op, Cat ] with

φ̃n =





φ1×φ0

n· · ·×φ0φ1 n ≥ 2,

φ1 n = 1,

φ0 n = 0.

Suppose F : φ → φ′ is a morphism of 2-nerves and let βn : φ̃n → φ̃′n be

βn =





(F1, . . . , F1) n ≥ 2,

F1 n = 1,

F0 n = 0.

It is immediate to check from the definition of Segal map that the following diagram
commutes for all n ≥ 0

φn
Fn //

ηn

²²

φ′n

η′n

²²
φ̃n βn

// φ̃′n

Thus the condition in the hypothesis of Lemma 3.1 is satisfied, with γn the identity
2-cell. It follows from Lemma 3.1 that there is a pseudo-natural transformation
β : φ̃ → φ̃′ with β(F )n = βn.

Suppose that φ
F→ φ′ F ′→ φ′′ is a pair of composable morphisms of 2-nerves, then,

for each n ≥ 2

β(F ′F )n = ((F ′F )1, . . . , (F ′F )1) = (F ′1, . . . , F
′
1)(F1, . . . , F1) = β(F ′)nβ(F )n.

Therefore β(F ′F ) = β(F ′)β(F ).
Let P be the category whose objects are pseudo-functors ψ : ∆op → Cat such

that ψ0 is discrete and, for each n ≥ 2, ψn = ψ1×ψ0

n· · ·×ψ0ψ1, and whose morphisms
are the pseudo-natural transformations F with Fn = (F1, · · · , F1) for n ≥ 2.

In conclusion, we have proved the following:

Proposition 3.2. There is a functor

S : N2 → P.

On object, S associates to a 2-nerve φ a pseudo-functor φ̃ ∈ Ps[∆op, Cat ] with

φ̃n =





φ1×φ0

n· · ·×φ0φ1 n ≥ 2,

φ1 n = 1,

φ0 n = 0.

To a morphism of 2-nerves F : φ → φ′, S associates a pseudo-natural transforma-
tion β(F ) : φ̃ → φ̃′ with

β(F )n =





(F1, . . . , F1) n ≥ 2,

F1 n = 1,

F0 n = 0.
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4. From pseudo-functors to bicategories.

The aim of this section is to construct a functor from the subcategory S(N2) of
P to the category Bicat of bicategories and homomorphisms.

Let φ̃ : ∆op → Cat be the object of S(N2) corresponding to φ ∈ N2. Since φ0 is
discrete, we have

φ1 =
∐

x,y∈φ0

φ(x,y),

where φ(x,y) is the full subcategory of φ1, whose objects are {z ∈ Ob φ1 | ∂0z =
x, ∂1z = y}, ∂0, ∂1 face maps.

We construct a bicategory Rφ̃ as follows. The set of 0-cells of Rφ̃ is φ0. Given
x, y ∈ φ0, the 1-cells between x and y are the objects of φ(x,y), the 2-cells are the
morphisms of φ(x,y). Vertical composition of 2-cells is composition of morphisms
in φ(x,y). Horizontal composition of 1 and 2-cells is given by the map c = φ̃(δ02) :
φ̃2 = φ1×φ0φ1 → φ1 induced by δ02 : [1] → [2], 0 → 0, 1 → 2. Consider the maps

φ̃3 = φ1×φ0φ1×φ0φ1

c×id //

id×c
// φ1×φ0φ1 = φ̃2 .

It is easily checked that there are natural isomorphisms c× id ⇒ φ̃(δ013), id× c ⇒
φ̃(δ023), where δijk : [2] → [3] is the map 0 → i, 1 → j, 2 → k. Let d : φ̃3 → φ1

be d = φ̃(δ03), δ03 : [1] → [3], 0 → 0, 1 → 3. Since δ03 = δ013δ02 = δ023δ02 and φ̃
is a pseudo-functor, we have natural isomorphisms given by the composites:

α1 : d ⇒ c φ̃(δ013) ⇒ c(c× id)

α2 : d ⇒ c φ̃(δ023) ⇒ c(id× c)

and therefore a natural isomorphism α = α2α
−1
1 :

φ1×φ0φ1×φ0φ1

φ1×φ0φ1

φ1×φ0φ1

φ1

id×c //

c×id

²²

c
//

c

²²

α

3;oooo oooo

By restriction, this gives the associativity isomorphism:

φ(z,w) × φ(y,z) × φ(x,y)

φ(y,w) × φ(x,y)

φ(z,w) × φ(x,z)

φ(x,w)

id×c //

c×id

²²

c
//

c

²²

αxyzw

3;oooo oooo (5)

Let i0 = φ̃(σ0), i1 = φ̃(σ1) : φ1 → φ1×φ0φ1 where σ0, σ1 : [2] → [1] are the
maps 0 → 1, 1 → 1, 2 → 1 and 0 → 0, 1 → 0, 2 → 1 respectively. Since
σ0δ02 = σ1δ02 = id and φ̃ is a pseudo-functor, we have natural isomorphisms

i0c ⇒ id, i1c ⇒ id.
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By restriction, we obtain identity isomorphisms:

φ(x,y) × 1

φ(x,y) × φ(x,x) φ(x,y)

1× φ(x,y)

φ(y,y) × φ(x,y) φ(x,y)

i0

²²

∼=

$$JJJJJJJJJJJJJJJJ

i1

²²

∼=

$$JJJJJJJJJJJJJJJJ

c
//

c
//

rxy 6>tttt
tttt

lxy 6>tttt
tttt

(6)
We need to show that the associativity and unit isomorphisms (5) and (6) satisfy
the coherence axioms; that is, we need to show that the diagrams (1) and (2)
commute.

In (1) the composite (1∗α)α(α∗1) is obtained by pasting the following diagram:

φ1×φ0φ1×φ0φ1

φ1×φ0φ1×φ0φ1×φ0φ1 φ1×φ0φ1×φ0φ1 φ1×φ0φ1

φ1×φ0φ1×φ0φ1 φ1×φ0φ1 φ1

id×id×c

77ooooooooooooooooooooooo

id×c

''OOOOOOOOOOOOOOOOOOOOOOO

id×c×id // id×c //

c×id×id

²²

c×id

²²

c

²²

c×id
//

c
//

1∗α ;CÄÄÄÄ
ÄÄÄÄ

α∗1 5=sssss
sssss

α
5=sssss

sssss

(7)

The composite αα in (1) is the result of pasting the following diagram:

φ1×φ0φ1×φ0φ1

φ1×φ0φ1×φ0φ1×φ0φ1 φ1×φ0φ1×φ0φ1 φ1×φ0φ1

φ1×φ0φ1 φ1

id×id×c

77ooooooooooooooooooooooo

id×c

''OOOOOOOOOOOOOOOOOOOOOOO

c×id×id
// id×c //

c×id

²²

c

²²
c

//

α

;CÄÄÄÄ
ÄÄÄÄ

α

5=sssss
sssss

(8)

Let d′ = (d× id) : φ1×φ0φ1×φ0φ1×φ0φ1 → φ1×φ0φ1. Because of the way in which
the associativity isomorphism are constructed, showing that the pasting of (7) and
of (8) gives the same result is equivalent to showing that the pasting of the following
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diagrams coincides.

φ1×φ0φ1×φ0φ1

φ1×φ0φ1×φ0φ1×φ0φ1 φ1×φ0φ1×φ0φ1 φ1×φ0φ1

φ1×φ0φ1 φ1

id×c×id
//

id×c
//

c×id

²²

d

%%KKKKKKKKKKKKKKKKKKKK

c

²²
c

//

d′

''OOOOOOOOOOOOOOOOOOOOOOO

id×id×c

55

id× c

»»

d′

##
1∗α−1

1

8@yyy yyy

α−1
1

;CÄÄÄ ÄÄÄ

α2

;CÄÄÄ ÄÄÄ
α2∗1
;CÄÄÄ ÄÄÄ

1∗α2

8@yyy yyy

(9)

φ1×φ0φ1×φ0φ1

φ1×φ0φ1×φ0φ1×φ0φ1 φ1×φ0φ1×φ0φ1 φ1×φ0φ1

φ1×φ0φ1 φ1

c×id×id
//

id×c
//

c×id

²²

d

%%KKKKKKKKKKKKKKKKKKKK

c

²²
c

//

d′

''OOOOOOOOOOOOOOOOOOOOOOO

id×id×c

55

id× c

»»

d′

##
α−1

1

8@yyy yyy

α−1
1

;CÄÄÄ ÄÄÄ

α2

;CÄÄÄ ÄÄÄ
α1∗1
;CÄÄÄ ÄÄÄ

α2

8@yyy yyy

(10)

Let d′′ = φ̃(δ04) : φ1×φ0φ1×φ0φ1×φ0φ1 → φ1, δ04 : [1] → [4], 0 → 0, 1 → 4. Since
φ̃ is a pseudo-functor we have the following identity:

≡

φ1×φ0φ1×φ0φ1×φ0φ1 φ1×φ0φ1×φ0φ1

φ1×φ0φ1 φ1

φ1×φ0φ1×φ0φ1×φ0φ1 φ1×φ0φ1×φ0φ1

φ1×φ0φ1 φ1

≡

d′

%%LLLLLLLLLLLLLLLLLLLLLLLLL
id×c×id //

c×id

²²

d

##GGGGGGGGGGGGGGGGGGGGGG

c
//

id×c×id //

d′

ÂÂ?
??

??
??

??
??

??
??

??
?

d′′

**TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT

d

ÂÂ?
??

??
??

??
??

??
??

??
??

c
//

α−1
1

>F¦¦¦
¦¦¦

α2∗1
>F¦¦¦

¦¦¦

γ2

>F¦¦¦
¦¦¦

γ1

>F¦¦¦
¦¦¦
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hence the pasting diagram (9) becomes

φ1×φ0φ1×φ0φ1

φ1×φ0φ1×φ0φ1×φ0φ1 φ1×φ0φ1×φ0φ1 φ1×φ0φ1

φ1×φ0φ1 φ1

id×c×id
//

id×c
//

d′′

++VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV

d

%%KKKKKKKKKKKKKKKKKKKK

c

²²
c

//

d′

''OOOOOOOOOOOOOOOOOOOOOOO

id×id×c

55

id×c

»»

d′

##
1∗α−1

1

8@yyy yyy

γ2

;CÄÄÄ ÄÄÄ α2

;CÄÄÄ ÄÄÄ

γ1

;CÄÄÄ ÄÄÄ

1∗α2

8@yyy yyy

(11)

Since φ̃ is a pseudo-functor, we also have the identity

≡

φ1×φ0φ1×φ0φ1×φ0φ1 φ1×φ0φ1×φ0φ1 φ1×φ0φ1

φ1

φ1×φ0φ1×φ0φ1×φ0φ1 φ1×φ0φ1×φ0φ1 φ1×φ0φ1

φ1

≡

c

²²

id×c×id // id×c //

d′′

**TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT

d

##GGGGGGGGGGGGGGGGGGGGGG

id×c×id // id×c //

d′′

++

c

²²

d′

44

α2

>F¦¦¦
¦¦¦γ2

>F¦¦¦
¦¦¦

γ−1
1

AI
¯̄

¯
¯̄

¯

1∗α1

?G
¨̈¨ ¨̈¨

Hence (11) is equivalent to:

φ1×φ0φ1×φ0φ1

φ1×φ0φ1×φ0φ1×φ0φ1 φ1×φ0φ1×φ0φ1 φ1×φ0φ1

φ1×φ0φ1 φ1

id×c×id
//

id×c
//

d′′

..

c

²²
c

//

d′

%%KKKKKKKKKKKKKKKKKKK

id×id×c

55

id×c

»»

d′

##

d′

66

1∗α−1
1

CK
²² ²²

1∗α1

CK
²² ²²

γ−1
1

CK
²² ²²

γ1

CK
²² ²²

α2

CK
²² ²²

(12)
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A similar argument shows that (10) is equivalent to the following diagram:

φ1×φ0φ1×φ0φ1

φ1×φ0φ1×φ0φ1×φ0φ1 φ1×φ0φ1×φ0φ1 φ1×φ0φ1

φ1×φ0φ1 φ1

id×c×id
//

id×c
//

d′′

..

c

²²
c

//

d′

%%KKKKKKKKKKKKKKKKKKK

id×id×c

55

id×c

»»

d′

##

d′

66

α−1
1

CK
²² ²²

α1

CK
²² ²²

γ−1
1

CK
²² ²²

γ1

CK
²² ²²

α2

CK
²² ²²

(13)

It is then clear that the result of the pasting of (12) and of (13) coincides.
This proves the commutativity of (1). The proof of the commutativity of (2) is

similar. Hence Rφ̃ is a bicategory.
Let φ̃, φ̃′ be objects of S(N2) and let F : φ̃ ⇒ φ̃′ be a morphism in S(N2). We

are going to show that F induces a homomorphism on bicategories

R(F ) : R(φ̃) → R(φ̃′).

On objects, we have the function

R(F )0 = F0 : φ0 → φ′0.

Since φ0, φ
′
0 are discrete, we have F0∂i = ∂′iF1 where ∂i, ∂

′
i : φ1 → φ0 are induced

by δi : [0] → [1], 0 → i, i = 0, 1. Therefore for each x, y ∈ φ0 the functor
F1 : φ1 → φ′1 induces by restriction a functor

R(F )(x,y) : φ(x,y) → φ′(F0x,F0y).

Since F is a pseudo-natural transformation, there are natural isomorphisms

φ1×φ0φ1 φ1

φ′1×φ′0φ
′
1 φ′1

c //

c′
//

F2

²²

F1

²²

;CÄÄÄÄ
ÄÄÄÄ

,

1 φ1

1 φ′1

//

F1

²²

‖

²²
//

;CÄÄÄÄ
ÄÄÄÄ

By restriction, these give natural isomorphisms, for each x, y, z ∈ φ0:

φ(y,z) × φ(x,y)

φ′(F0y,F0z) × φ′(F0x,F0y)

φ(x,z)

φ′(F0x,F0z)

c //

R(F )(y,z)×R(F )(x,y)

²²

c′
//

R(F )(x,z)

²²

ωxyz ;CÄÄÄ ÄÄÄ

1 φ(x,x)

1 φ′(F0x,F0x)

//

//

‖

²²

R(F )(x,x)

²²

ωx
;CÄÄÄ ÄÄÄ

To prove that R(F ) is a homomorphism, we need to show that diagrams (3) and
(4) commute.
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The composite R(F )αω(ω∗1) in (3) is the result of pasting the following diagram:

φ1×φ0φ1×φ0φ1 φ1×φ0φ1 φ1

φ′1×φ′0φ
′
1×φ′0φ

′
1 φ′1×φ′0φ

′
1 φ′1

φ1×φ0φ1

c×id
//

c
//

F3

²²

F2

²²

c′×id

//
c′

//

F1

²²

id×c

66mmmmmmmmmmmmmmmm

c

((QQQQQQQQQQQQQQQQQQ

α
>F¦¦¦

¦¦¦

ω∗1 >F¦¦¦
¦¦¦

ω
>F¦¦¦

¦¦¦
(14)

The composite ω(1 ∗ ω)α′ in (4) is given by pasting of the following diagram:

φ1×φ0φ1×φ0φ1 φ′1×φ′0φ
′
1 φ1

φ′1×φ′0φ
′
1×φ′0φ

′
1 φ′1×φ′0φ

′
1 φ′1

φ1×φ0φ1

id×c′

99rrrrrrrrrrrrrrrrrr

c′

%%LLLLLLLLLLLLLLLLLLLL

F3

²²

F2

²²

c′×id

//
c′

//

F1

²²

id×c

88qqqqqqqqqqqqqqqqqq

c

&&MMMMMMMMMMMMMMMMMMMM

α′

>F¦¦¦
¦¦¦

1∗ω
>F¦¦¦

¦¦¦ ω

>F¦¦¦
¦¦¦

(15)

Since F is a pseudo-natural transformation, we have the following identity, where
the maps d : φ̃3 = φ1×φ0φ1×φ0φ1 → φ1 and d′ : φ̃′3 → φ′1 are induced by δ03 =
[1] → [3], 0 → 0, 1 → 3.

φ1×φ0φ1×φ0φ1 φ1×φ0φ1 φ1

φ′1×φ′0φ
′
1×φ′0φ

′
1 φ′1×φ′0φ

′
1 φ′1

≡

c×id // c //

F3

²²

F2

²²

c′×id

//
c′

//

F1

²²

ω∗1 >F¦¦¦
¦¦¦

ω
>F¦¦¦

¦¦¦

φ1×φ0φ1×φ0φ1 φ1×φ0φ1 φ1

φ′1×φ′0φ
′
1×φ′0φ

′
1 φ′1×φ′0φ

′
1 φ′1

≡

c×id // c //

F3

²²

c′×id

//
c′

//

F1

²²

d

55

d′

))

α1

KS

γ3

KS

α′−1
1

KS

A similar identity holds for the top part of the pasting diagram (15).
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From the definition of the associativity isomorphism, the diagram (14) is there-
fore equivalent to the following:

φ1×φ0φ1×φ0φ1 φ1×φ0φ1 φ1

φ′1×φ′0φ
′
1×φ′0φ

′
1 φ′1×φ′0φ

′
1 φ′1

φ1×φ0φ1

c×id // c //

F3

²²

c′×id

//
c′

//

F1

²²

id×c

77oooooooooooooooooooooo

c

''OOOOOOOOOOOOOOOOOOOOOOOO

d

66

d

((

d′

((

α1

KS

γ3

KS

α′−1
1

KS

α−1
1

KS

α2

KS

(16)

Similarly, the diagram (15) is equivalent to the following:

φ1×φ0φ1×φ0φ1

φ′1×φ′0φ
′
1

φ1

φ′1×φ′0φ
′
1×φ′0φ

′
1 φ′1×φ′0φ

′
1 φ′1

φ1×φ0φ1

id×c′
77oooooooooooooooooooo

c′

''OOOOOOOOOOOOOOOOOOOOOOO

F3

²²

c′×id

//
c′

//

F1

²²

id×c

88qqqqqqqqqqqqqqqqqqqqqqq

c

&&MMMMMMMMMMMMMMMMMMMMMMMM

α−1
2

KS

α2

KS

α−1
1

KS

γ3

KS

α2

KS

d′

((

d′

½½

d

&&

(17)

We see that result of pasting of (16) and of (17) coincides.
This proves the commutativity of (3). The commutativity of (4) is proved sim-

ilarly. Hence R(F ) is a bicategory homomorphism. In conclusion we have built a
functor R : S(N2) → Bicat.

From the results of Sections 3 and 4 we finally obtain:

Theorem 4.1. There is a functor

Bic : N2 → Bicat

from the category of Tamsamani’s 2-nerves to the category of bicategories and ho-
momorphisms. On objects, Bic associates to a 2-nerve a bicategory as constructed
in [5]. Further, Bic sends external equivalences to biequivalences.

Proof. Let Bic = R ◦S. By construction, the bicategory Bic φ coincides with the
one constructed in [5] from the 2-nerve φ.

Suppose F : φ → φ′ is an external equivalence in N2. By definition, this means
that

i) for each x, y ∈ φ0, φ(x,y) → φ′(F0x,F0y) is an equivalence of categories.
ii) TF : Tφ → Tφ′ is an equivalence of categories.
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From the definition of Bic φ, i) means that (Bic φ)(x,y) → (Bic φ′)(F0x,F0y) is an
equivalence of categories; from ii) we have that, for each z ∈ φ′0, there is x ∈ φ0

and an isomorphism F0x ∼= z in the category Tφ′; this means there are arrows
b : F0x → z, b′ : z → F0x with [b′][b] = id = [b][b′] where [b] (resp. [b′]) is the
isomorphism class of objects in the category φ1, represented by b ∈ φ10 (resp.
b′ ∈ φ′10). Hence there are invertible 2-cells b′b ∼= idF0x, bb′ ∼= idz. Thus F0x
and z are equivalent in the bicategory Bic φ. By definition, Bic F is therefore a
biequivalence. 2
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