FROM TAMSAMANI'S WEAK 2-CATEGORIES TO
BICATEGORIES

SIMONA PAOLI

ABSTRACT. We give a conceptual description of the bicategory associated to
a Tamsamani’s weak 2-category, and we associate functorially to a morphism
of Tamsamani’s weak 2-categories a homomorphism of the corresponding bi-
categories.

1. INTRODUCTION.

The goal of this paper is to construct a functor from the category Ns of Tam-
samani’s 2-nerves and their morphisms to the category Bicat of bicategories and
homomorphisms. On objects, this functor associates to a Tamsamani’s 2-nerve a
bicategory as constructed by Tamsamani in [5] and [6]. Our approach is however
more conceptual, and allows to associate to a morphism of 2-nerves a homomor-
phism of the corresponding bicategories. The last point is missing in [5],[6].

We proceed in two steps. First we construct a functor from Tamsamani’s weak
2-categories to a certain subcategory S(N2) of pseudo-functors from A°P to Cat.
This is done in Section 3, using the categorical property of “transport of structure
along an adjunction” (see Section 2). In Section 4, we construct a functor from
S(N2) to the category of bicategories and homomorphisms.
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2. PRELIMINARIES.

We recall the definition of Tamsamani weak 2-category or, as they are called in
[5], [6], 2-nerves. A 2-nerve is a simplicial object in Cat ¢ : A°? — Cat such that

i) ¢o is a discrete category.
ii) For each n > 2 the Segal maps 7, : ¢, — ¢1 ><¢0~7~1~><¢0¢1 are equivalences
of categories.

Given a 2-nerve ¢ : A°? — Cat, since ¢q is a discrete category, we have

¢l = H (Z)(x,y)

z,yEdo

where ¢, ,) is the full subcategory of ¢; whose objects are z € Ob¢y, oz = =,
01z =y, 0y, 01 : ¢1 — ¢q face operators.

Let T'¢, be the set of isomorphisms classes of objects of the category ¢,. It is
easy to see that the simplicial set T'¢ : A°? — Set, T'¢([n]) = T'dy, is the nerve of
a category. A morphism of 2-nerves f : ¢ — ¢’ is called an external equivalence if
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for all x,y € ¢o the functors f(z,y) : ¢y — qb’(fm’fy) and Tf : Tp — T'¢ are
equivalences of categories.

Given a 2-category C, we denote by Ps[C, Cat] the 2-category whose objects are
the pseudo-functors from C to Cat, morphisms the pseudo-natural transformations
and 2-cells the modifications. We denote by [C, Cat] the 2-category of 2-functors, 2-
natural transformations and modifications. We refer the reader to [1] and [3] for the
definitions of these notions. It can be shown that there is a 2-category Ps[C, Cat]
whose 0-cells are the pseudo-functors, 1-cells are pseudo-natural transformations
and 2-cells are the modifications.

A bicategory B consists of the following data:

e a set of objects, or 0-cells, Ob B;

e for each z,y € ObB, categories B(z,y), whose objects are called 1-cells and
morphisms 2-cells;

e for each z,y,z € Ob B, functors

Coy- = B(y,2) x B(z,y) — B(z, 2)
(9. 1) = 9f
(B.0) = Bra

I, :1— B(x,x);

e for each z,y, z,w € ObB, natural isomorphisms

1xCqy-

B(z,w) x B(y, z) x B(x,y) B(z,w) x B(z, 2)

Cyzwx1 = Cozw
Bryzw

B(y, w) x B(z,y)

B(x,w)

Cryw

B(x,y) x 1 1 x B(x,y)

1x1, I, x1

’“y

Bla.y) x Blz,z) — > Blz,y) Bly.y) x Bla,y) —z—— B(x,y)

Yy
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These data have to satisfy coherence axioms, given by the commutativity of the
following diagrams

((kh)g)f ——20—— (k(hg))f
(kh)(gf) k((hg)f) (1)
k(h(gf))
(gD)f = g(If) (2)
r+l 1xl
af

A homomorphism of bicategories from B to B’ consists of the following data:

e a function F': ObB — ObB’;
e for each z,y € ObB, functors

Fuy : B(x,y) — B'(Fx, Fy);
e natural isomorphisms

Cays Lo

B(y, z) x B(x,y)

Weyz w
Fyox Fyy, y/ Fo. 7 Fra

B (Fy, Fz) x B (Fx, Fy)

B(Fz,Fz) 1 B (Fx, Fx)

FeFyFz 1ps

These data have to satisfy the condition that the following diagrams commute

(FhoFg)oFfLF(hog)onguJ)F((hog)of)
o Fa (3)
Fho(FgoFYf) T FhoF(gof)—w>F(ho(gof))
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Ffoly, % FfoFI, —“>F(f Ip, o Ff <L FI o Ff —> F(I, o f)

N N

We denote by Bicat the category of bicategories and homomorphisms. An arrow
b:x — y in a bicategory is an equivalence if there exists an arrow b’ : y — =z
and invertible 2-cells bb’ = id, and b'b = id,. A homomorphism of bicategories
F : B — B is said to be a biequivalence if for all x,y € ObC the functors B(z,y) —
B'(Fz,Fy) are equivalences of categories and if, for all z € ObB’ there exists
x € ObB and an equivalence F'x — z.

We will use the notion of 2-monad, their algebras and pseudo-algebras. Recall
that a 2-monad on a 2-category A is a 2-functor T' : A — A with 2-natural
transformations m : T2 — T and i : 1 — T satisfying the equations

m-Ti=1, m-il =1, m-Tm=m -mT.
Given a 2-monad T on A a T-algebra is defined as in the case of ordinary monads.
A pseudo-T-algebra is given by (A,a,d,a) where A € A, a:TA — A, a,a are
invertible 2-cells

A T2 A md TA

TA A TA A

a

satisfying certain coherence axioms [2] A morphism of pseudo T-algebras from

(A,a,a,a) to (B,b,b,b) is given by (g,g) where g : A — B and g is an invertible

2-cell
Tg
TA

TB

satisfying certain coherence axioms [2]. In Section 3 we will use a categorical prop-
erty known as “transport of structure along an adjunction” given by the following
theorem:

Theorem 2.1. [2, Theorem 6.1] Given an equivalence n, € : f,f*: A — B in
the complete and locally small 2-category A, and an algebra (A, a) for the monad
T = (T,i,m) on A, the equivalence enriches to an equivalence

e (fN)F (7 ) (Aa) = (Bb,b,D)
in Ps-T-Alg, wherel;:n, b= f*a-Te-Ta -T?f, }za‘la-Tf, f_* =F*a-Te.
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Let now n',¢" : f' = f™ : A" — B’ be another equivalence in A and let
(B',V,0', V) be the corresponding pseudo-T-algebra as in Theorem 2.1. Suppose
g:(A,a) — (A',a’) is a morphism in A and 7 is an invertible 2-cell in A

B ! A

h \U/'Y g9

B A

f/*
Let 7 be the invertible 2-cell given by the following pasting:

TB o TB

Tf* Tf/*
@

TA - TA'

S8 X

!
B N B

Then it is not difficult to show that (h,7) : (B, b, B,B) — (B",V, bA’,y) is a pseudo-
T-algebra morphism.

3. FROM 2-NERVES TO PSEUDO-FUNCTORS.

We start by discussing a general fact, which is essentially known. As sketched in
the proof below, it is an instance of “transport of structure along an adjunction”.
Alternatively, a direct but rather tedious proof by pasting diagrams is also possible.

Lemma 3.1. Let C be a small 2-category, F, F' : C — Cat be 2-functors, o : F —
F’" a 2-natural transformation. Suppose that, for all objects C of C, the following
conditions hold:

i) G(C), G'(C) are objects of Cat and there are adjoint equivalences of cate-
gories pc e, pe F g,
pe = G(C) = F(C) :nc pe = G'(C) = F'(C) : e,
ii) there are functors B¢ : G(C) — G'(C),
iii) there is an invertible 2-cell
vc : Bene = neac.
Then
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a) There exists a pseudo-functor G : C — Cat given on objects by G(C'), and
pseudo-natural transformations n : F — G, u: G — F with n(C) = n¢,
w(C) = pe; these are part of an adjoint equivalence p = n in the 2-category
PslC, Cat].

b) There is a pseudo-natural transformation 5 : G — G’ with 5(C) = Bc and
an invertible 2-cell in Ps[C,Cat], v : On = na with v(C) = ~¢.

Proof. Recall [4] that the functor 2-category [C, Cat| is 2-monadic over [|C|, Cat],
where |C| is the set of objects in C. Let T be the 2-monad; then the pseudo-T-
algebras are precisely the pseudo-functors from C to Cat. Let

U : Ps-T-Alg = Ps|C,Cat] — [|C|, Cat]

be the forgetful functor.

Then the adjoint equivalences pc F ¢ amount precisely to an adjoint equiva-
lence in [|C|,Cat], po F nmo, po: Go = UF : ny where Go(C) = G(C) for all
C € |C|. By Theorem 2.1, this equivalence enriches to an adjoint equivalence p - 7
in Ps|C, Cat]

w:GZF:n
between F' and a pseudo-functor Gj it is UG = Gy, Un = ny, Up = pg; hence on
objects G is given by G(C'), and n(C) =Un(C) = nc, w(C)=Up(C) = pc.

Let ve :idg(c)y = nopc and ec @ pene = idpcy be the unit and counit of the
adjunction uc F ne. From Theorem 2.1, given a morphism f: C — D in C, it is

G(f) =npF(f)uc
and we have natural isomorphisms:
0y = G(e = F(Hucne =2 npF(f)
pr F(fne 225 upnpF(f)uc = ppG(f).
Also, the natural isomorphism
Bs: G'(f)Bc = BpG(f)
is the result of the following pasting

G(0) fe G'(0)
\ Je /
F(C) ae F'(C)
| | |0 ray| o oo
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We now apply Lemma 3.1 to the case where C = A°P, considered as a 2-category
with identity 2-cells; let ¢ : A°? — Cat be a 2-nerve. By definition, for each n > 2
there is an equivalence of categories ¢,, ~ ¢ ><¢0~7~L~><¢0¢>1. We can always choose

this equivalence to be an adjoint equivalence; thus let n, : ¢, — ¢1 ><¢0-7-l-><¢0 01
be the Segal map and p, its left adjoint. By Lemma 3.1, we deduce that there is
a pseudo-functor ¢ € Ps[A°P, Cat | with

B ¢1X¢0'T'L'X¢g¢l 77,22,
bn = o1 n=1,
(Z)() n = 0.

Suppose F : ¢ — ¢ is a morphism of 2-nerves and let 3, : ¢, — (;321 be

(Fla"'7F1) 7’?,22,
5n =qF n = 1,
FQ n=0.
It is immediate to check from the definition of Segal map that the following diagram

commutes for all n > 0

Fr
o ———> ¢},

O —5 9l

Bn

Thus the condition in the hypothesis of Lemma 3.1 is satisfied, with ~,, the identity
2-cell. It follows from Lemma 3.1 that there is a pseudo-natural transformation

B:¢— ¢ with B(F), = B

Suppose that ¢ LR 104 Lt ¢@" is a pair of composable morphisms of 2-nerves, then,
for each n > 2

BF'F)p=(F'F),....,(F'F)) = (F},....,F))(Fy,...,F1) = B(F).B(F)p.
Therefore B(F'F) = B(F")3(F).

Let P be the category whose objects are pseudo-functors ¢ : A°? — Cat such
that 1) is discrete and, for each n > 2, ¢,, = 91 ><¢O~7-l~ X ¥1, and whose morphisms
are the pseudo-natural transformations F' with F,, = (Fy,--- , Fy) for n > 2.

In conclusion, we have proved the following:

Proposition 3.2. There is a functor
S : N2 — P
On object, S associates to a 2-nerve ¢ a pseudo-functor qi; € Ps[A° Cat] with
) B1X gy Kgyb1 N> 2,
On = é1 n=1,
(250 n =0.
To a morphism of 2-nerves F': ¢ — @', S associates a pseudo-natural transforma-
tion B(F) : ¢ — ¢ with
(Fla"'aFl) HZQ,
ﬁ(F)n = F1 n = 1,
F() n =0.
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4. FROM PSEUDO-FUNCTORS TO BICATEGORIES.

The aim of this section is to construct a functor from the subcategory S(N3) of
‘P to the category Bicat of bicategories and homomorphisms.

Let ¢ : A°? — Cat be the object of S(N2) corresponding to ¢ € N. Since ¢ is
discrete, we have

o1 = H ¢(z,y)a
z,YEpo
where ¢,y is the full subcategory of ¢1, whose objects are {z € Ob¢y | Doz =
x, 01z =1y}, 0,01 face maps.
We construct a bicategory Ré as follows. The set of O-cells of R is ¢g. Given
x,y € ¢o, the 1-cells between = and y are the objects of ¢(, ), the 2-cells are the
morphisms of ¢, . Vertical composition of 2-cells is composition of morphisms

in ¢(,,,). Horizontal composition of 1 and 2-cells is given by the map ¢ = ¢(do2) :
b2 = 1 X go$1 — ¢1 induced by dpo : [1] — [2], 0 — 0, 1 — 2. Consider the maps

cxid
_ ; _
03 = P1XpoP1XpoP1 ____ _ P1X g1 = P2 -

idxc

It is easily checked that there are natural isomorphisms ¢ x id = 95(5013), idxec=
®(d023), where 651 : [2] — [3]isthemap 0 — 4, 1 —j, 2 — k. Let d: ¢3 — ¢4
be d = ¢(603), 503 : [1} — [3}, 0— 0, 1 — 3. Since 503 = 6013502 = 5023602 and (;5
is a pseudo-functor, we have natural isomorphisms given by the composites:

a1 s d = ¢ d(do13) = c(e x id)

ay:d=c (5(5023) = c(id x ¢)

and therefore a natural isomorphism o = agaflz

idxc

P1X 3 P1 X 9, P1 P1X o1

cxid /(17 c

1% $o ?1 = é1

By restriction, this gives the associativity isomorphism:

idxe
Plew) X D(y.2) X Plany) — = Blzw) X Pa.2)

exid %ﬁ:zw c (5)

¢(y,w) X d)(T,y) ¢(m,w)

c

Let ig = (;3(00)7 i1 = qg(al) D1 — P1Xg,¢1 where og,01 @ [2] — [1] are the
maps 0 -1, 1 —1 2—1and0— 0, 1 — 0, 2 — 1 respectively. Since
00002 = 010g2 = id and ¢ is a pseudo-functor, we have natural isomorphisms

19C = id, i1c = id.
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By restriction, we obtain identity isomorphisms:

Play) X 1

Vo) X Pew) —5— D) Pyy) X Vay) —5— Plaw)
(6)
We need to show that the associativity and unit isomorphisms (5) and (6) satisfy
the coherence axioms; that is, we need to show that the diagrams (1) and (2)
commute.
In (1) the composite (1*a)a(ax1) is obtained by pasting the following diagram:

1 X o P1 X 9y P1
1*% idxe
¢1><¢0<Z51><¢0¢>1><¢0¢1%%X%%X%% e P1Xpo P01 (7)
exidxid ‘y exid % c
1 X 301X 9 P1 — B1X g1 . ?1

The composite aa in (1) is the result of pasting the following diagram:

1 X o P1 X o P1
idxidxc idxe
S
o
P1X 4o P1X 0 D1 X g D1 > D1 X 9 P1 X 0 H1 e P1XpoP1 (8)
exid %7 c
P1X g1 p P1

Let d' = (d X id) : ¢1 X ¢y P1 X 6o D1 X o1 — D1 X ¢, 1. Because of the way in which
the associativity isomorphism are constructed, showing that the pasting of (7) and
of (8) gives the same result is equivalent to showing that the pasting of the following
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diagrams coincides.

¢1X¢0¢1X¢0¢1

d

idxidxe idx ¢

—1
lxay

P1X o P1 X o P1 X oo Pl —> D1 X 9 P1 X 9 P1 — > P1 X501 9)
/042*1 exid c
d/
$1 X o1 p ¢1
D1 X o P1 X o P1
idxidxec %2 idx ¢
d/
/af,
D1 X g P1 X 3o P1 X o 01 ————> — D1 X o P1 X o O1 D1 X po D1 (10)
/041*1 cxid c
d/

1 X g P1 P b1

Ijet d’ = (5(504) : d)l X¢0¢1 X¢'0¢1 ><¢,0¢1 — (bl, 604 : [1] — [4], 0— O7 1 — 4. Since
¢ is a pseudo-functor we have the following identity:

idxexid

¢1x¢0¢1x¢0¢1x¢0¢1 > ¢1X¢0¢1X¢0¢1

/ag*l
> cxid
d
S
«@

1

1 X g1 . 1

idxexid

D1 X g B1X 3o P1 X 30 D1 D1 X gy P1 X 3o P1

T

1% ®o ¢1 P o1
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hence the pasting diagram (9) becomes

¢1X¢0¢1X¢0¢1
idxidxc /1*0‘2 idxc
d/
/ 1xa]*
D1 X o D1 X o P1 X po 01 ———> — ¢1X¢0¢1X¢0¢1T>¢1X¢0¢1 (11)
/Y? %Xz
d C
",

1 X po P1 . P1
Since ¢ is a pseudo-functor, we also have the identity

idxexid idx
D1 X 3o D1 X o D1 X o D1~ D1 X 3 D1 X o D1 —— > D1 X 3 D1

% ¢ Jea

b1

idxexid idxc
¢1X¢'0¢1X¢0¢1X¢0¢1 > ¢1X¢0¢1X¢0¢1 > ¢1X¢,0¢1

Hence (11) is equivalent to:

D1 X o P1 X o P1

Ja
idxidxc idxe
dl
/7’1*051 1

D1 X o D1 X o P1 X o D1 ——————= D1 X g P1 X o P1 —————>= D1 X $P1 (12)

idxexid

Yen
P1 ><¢0¢17 e ¢1
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A similar argument shows that (10) is equivalent to the following diagram:

¢1X¢0¢1 X¢0¢1

idxidxe /?OQ idxe
d/
/7l 1

1 X o P1 X o P1 ———> P1 X1 (13)

D1 X g1 ><¢0 D1 X poP1 ————>

idxexid

It is then clear that the result of the pasting of (12) and of (13) coincides.
This proves the commutativity of (1). The proof of the commutativity of (2) is
similar. Hence R¢ is a bicategory. ~ }
Let ¢, ¢’ be objects of S(N3) and let F : ¢ = ¢’ be a morphism in S(N2). We
are going to show that F' induces a homomorphism on bicategories
R(F): R(¢) — R(&).
On objects, we have the function
R(F)O = FO N (7250 — (;56
Since ¢y, ¢f, are discrete, we have Fyd; = 0/F; where 9;,0] : ¢1 — ¢o are induced
by §; : [0] — [1], 0 — 4, ¢ = 0,1. Therefore for each z,y € ¢ the functor
F1 : ¢1 — ¢} induces by restriction a functor
R(F) @) : D) = Yooy

Since F' is a pseudo-natural transformation, there are natural isomorphisms

D1 X po P1 é1 1 o1

Fy Vi Fooo |l Vi Fy

R 4

By restriction, these give natural isomorphisms, for each x,y, z € ¢¢:

(b(y,z) X ¢(a:,y) — ¢(z z) ¢(a:,:1:)
Wryz
R(F)(y,z)XR(F)(m,y) / F)(m z) R(F)(m,m)
¢(F()y F()Z X QS(F[)I ng) H QS(F[)I FUZ) 1 (bI(F[)I,F(]I)

To prove that R(F') is a homomorphism, we need to show that diagrams (3) and
(4) commute.
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The composite R(F)aw(w=*1) in (3) is the result of pasting the following diagram:

¢1 X¢0¢1
idxec / c
(0%
P1X 6o P1 X o P1 ——— B1X g1 P b1
Fy w*l//” F % Fy (14)
¢I1X¢6¢/1X¢6¢/1 Tﬁb/lx%ﬁﬁ/l o ol

The composite w(1 * w)a’ in (4) is given by pasting of the following diagram:

¢1 X¢0¢1
idxc 7 c
B1 X o $1 X 30 D1 St &) X gy B e 1

s idxc / , ¢ f (15)

! ! ! / / /
P1X gy 1 X g1y 1 > D1 X g, 1 - o1

Since F' is a pseudo-natural transformation, we have the following identity, where
the maps d : ¢3 = ¢1Xg,01 X901 — ¢1 and d’' : ¢ — ¢} are induced by dp3 =
1 —13], 0—0, 1—3.

exid c

¢1X¢0¢1X¢0¢1 4>¢1X¢'0¢1 ¢1
Fy w*y Fy % F =
/ / / / / /
1 X gy D1 X 1, D1 T)¢1X¢6¢1 o 1
cxid
B1X D1 X gy P1 ————> D1 X ¢, P1 = $1

—

d
= Fs ﬂ’va Fy
4
r—1
¢IX /¢/X ’mgﬁ/
1795717 0% ¢ xid 17 ¢5%1 o 1

A similar identity holds for the top part of the pasting diagram (15).
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From the definition of the associativity isomorphism, the diagram (14) is there-
fore equivalent to the following:

¢1 X¢0¢l

cxid
G1X gy P1 X 3o P1 D1 X g1 - o1
a1
d
Fs s Fo (16)
d/
all—l
/ / / / / /
1 X g, D1 X g1, D1 i 1% ¢ 91 o (ol

Similarly, the diagram (15) is equivalent to the following:

¢1X¢0¢1X¢0¢1

/ / / / /
D1 X ¢y D1 X 9y D1 T P1Xg,01 = ol
We see that result of pasting of (16) and of (17) coincides.
This proves the commutativity of (3). The commutativity of (4) is proved sim-

ilarly. Hence R(F) is a bicategory homomorphism. In conclusion we have built a
functor R : S(N>) — Bicat.
From the results of Sections 3 and 4 we finally obtain:

Theorem 4.1. There is a functor
Bic : Ny — Bicat

from the category of Tamsamani’s 2-nerves to the category of bicategories and ho-
momorphisms. On objects, Bic associates to a 2-nerve a bicategory as constructed
in [5]. Further, Bic sends external equivalences to biequivalences.

Proof. Let Bic = RoS. By construction, the bicategory Bic ¢ coincides with the
one constructed in [5] from the 2-nerve ¢.

Suppose F : ¢ — ¢’ is an external equivalence in AMy. By definition, this means
that

i) for each =,y € ¢o, G(z,y) — qb'(Fox,FOy) is an equivalence of categories.
il) TF: T¢p — T¢ is an equivalence of categories.
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From the definition of Bic¢, i) means that (Bic )y, — (Bicd')(mz,Fyy) is an
equivalence of categories; from ii) we have that, for each z € ¢}, there is = € ¢
and an isomorphism Fyx = z in the category T'¢’; this means there are arrows
b: Fox — z, b : z — Fyxr with [][b] = id = [b][b'] where [b] (resp. [b']) is the
isomorphism class of objects in the category ¢1, represented by b € ¢19 (resp.
b € ¢)y). Hence there are invertible 2-cells b'b = idp,,, b0 = id,. Thus Fyzx

and z are equivalent in the bicategory Bic¢. By definition, Bic F' is therefore a

biequivalence. O
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